Math 522, Fall 2019 — Analysis IT (Roos)
Homework assignment 3. Due Monday, September 30.

(Problems with an asterisk (*) are optional.)

1. Let d be a positive integer and f € C([a,b]). Denote by P; the set
of polynomials with real coefficients of degree < d. Prove that there exists
a polynomial p, € P; such that || f — p«|joc = infpep, || f — plloo. Hint: Use
compactness.

2. Determine explicitly a sequence of polynomials (py), that converges
uniformly to the function z — |z| on [—1,1].

3. Let f: R — R be a smooth function (i.e. derivatives of all orders
exist). Assume that there exist A > 0, R > 0 such that
[/ ()] < Al
for |z| < R. Show that there exists r > 0 such that for every |z| < r we

have that o
fy =3
n=0

n:

(That is, prove that the series on the right hand side converges and that the
limit is f(x).)

4. Define a sequence of polynomials (7,), by To(z) =1, T1(z) = = and
the recurrence relation T),(z) = 22T,,—1(z) — Tp,—2(z) for n > 2.
(i) Show that T, (x) = cos(nt) if x = cos(t).
Hint: Use that 2 cos(a) cos(b) = cos(a + b) + cos(a — b) for all a,b € C.

(ii) Compute
[ m@tae
. n\Z)Lm T 1_ .2
for all non-negative integers n, m.
(iii) Prove that |T;,(x)| < 1 for € [—1,1] and determine when there is
equality.

Turn the page.



5%*. Let f be smooth on [0, 1] (that is, f is arbitrarily often differentiable).
(i) Let p be a polynomial such that |f'(z) — p(x)| < e for all z € [0, 1]. Con-
struct a polynomial ¢ such that |f(z) — ¢(z)| < ¢ for all = € [0, 1].

(ii) Prove that there exists a sequence of polynomials (p;, ), such that (pgﬁ) In
converges uniformly on [0,1] to f*) for all k =0,1,2,....

Honors Problem 2. Let f be a continuous function on [0,1] and N a

positive integer. Define xj = % for k=0,...,N. Define
N N
Ly(x) =Y flm) [ —=
— o, Tk T Xy
J=0 J=0,37k

(i) Show that f(zx) = Ly (zg) forallk = 0,..., N and that Ly is the unique
polynomial of degree < N with this property.

(ii) Suppose f € CN*1([0,1]). Show that for every x € [0, 1] there exists
¢ € [0, 1] such that

FY ) 1
f(x) = Ly(x) =
N (N+1) 1L

(x — xp).

(iii) Show that Ly does not necessarily converge to f uniformly on [0, 1].
(Find a counterexample.)

(iv*) Suppose f is given by a power series with infinite convergence radius.
Does Ly necessarily converge to f uniformly on [0,1] ?



