Math 629, Spring 2020 (Roos) — Homework 6.
Due Monday, March 23.

Important: Please submit your homework as a compressed pdf file (< 1
MB, scans of handwritten work are okay, use an appropriate app) online to
jroos@math.wisc.edu with subject line Math 629 - Homework 6.

(Problems with an asterisk (*) are optional; problems with two asterisks
(**) are optional and may be more challenging.)

1. Define for each d > 1,
cq = / e~ d € (0, 00).
R4

(a) Use polar coordinates to prove that ca = 1.

(b) Use Fubini’s theorem and (a) to prove that ¢4 =1 for all d > 1.

(c) Use polar coordinates and (b) to explicitly compute the Lebesgue mea-
sure of the unit ball {x € R? : |z| < 1} in R? for all d > 2. Express the
result in terms of powers of m and the I'-function

I(s) = /OOO tle7tdt (s> 0)

Notes: Here |z| = (Zle |z;|?)/2.  For the purpose of this exercise
you may assume that 7 is defined as the Lebesgue measure of the set
{r eR? : |2| <1}

2. Let f,g € LY(R?%). The convolution of f and g is the function f * g
defined by

(o)) = [ fe =)oty

(a) Show that (f * g)(z) is well-defined for a.e. 2 € R%. That is, show that
for a.e. = € R? the function y — f(x — y)g(y) is integrable (in particular,
show that it is measurable).
(b) Verify that the following properties hold for every f, g, h € L' (R%):
frg=gxf, (Frg)xh=[x(gxh),
1+ glly < [[f1l2llglly
(c) Show that there does not exist a function § € L'(R?) such that
fx6=fforall fe LY (R

3. Let p € [1,00) and (fu)nen C LP(RY) such that ||f,|, < n=2 for
all n € N. Does (f,)nen necessarily converge pointwise a.e. 7 (Proof or
counterexample.)

(Turn the page).
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4. (a) Prove the inequality

/R3 (@, 9)9(y, 2)h(z, 2)|d(z,y, 2) < [[fll2llgll2]l2

for f,g,h € L*(R?).
(b) Let E C R? be a measurable set and suppose that the projections

E, :{(y,z) : (.ZL‘,y,Z) EE}?

EQZ{(va) : (-ﬁU,y,Z)EE},

E3:{(x7y) : (.’L’,y,Z) GE}
are measurable subsets of R2. Use (a) to derive an upper bound on the
measure of F in terms of the measures of Eq, Fo, F3.

5**, Let X be a metric space and p a Borel measure on X. Let C.(X)
denote the set of continuous functions on X that are supported in a compact
set (i.e. {x : f(x) # 0} C X is compact). The point of this exercise is to
prove that C.(X) is dense in LP(u) for every p € [1, 00).

(a) Let A C X be a closed set and f : A — C a continuous function.
Show that there exists a continuous function f#: X — C such that f#|4 = f
and || f*]oc = | £l
Hint: First use the metric to construct continuous functions that separate
disjoint closed sets: given A, B C X disjoint and closed there exists a con-
tinuous g : X — [0, 1] such that g=0on A and g =1 on B.

(b) Let p € [1,00) and f € LP(u). Show that for every € > 0 there exists
g € Cc(X) such that |[f — gl < e

Hint: First let p = 1. Use (a) and Lusin’s theorem (see Homework 3,
Exercise 5; the statement continues to hold in the metric space setting).

(c) Show that C.(R) is not dense in L>*(R).

6*. A measure space is called complete if every subset of a nullset (a
measurable set of measure zero) is measurable. Let (X, 3, 1) be a measure
space. We define its completion (X, %, i) as follows: X is the collection of
all sets of the form F U N where E € 3 and N C F for some F € ¥ with
w(F) =0. Define g(EUN) = u(E).

(i) Prove that X is a o—algebra (called completion of ).

(ii) Prove that @ is a measure.

(iii) Prove that the Lebesgue o-algebra on R? is the completion of the
Borel o-algebra.

(iv) Let pg denote the Lebesgue measure on R? and ¥, the Lebesgue
o-algebra on R%. Prove that the completion of the product measure space
(R4 Sy, pa, ) x (R, 2y, . 114,) as defined in class coincides with (R4 S\ 0 ig, 1a,)-



