Math 629, Spring 2020 (Roos) — Homework 7.
Due Monday, April 6.

Important: Please submit your homework as a compressed pdf file (< 1
MB, scans of handwritten work are okay, use an appropriate app) online to
jroos@math.wisc.edu with subject line Math 629 - Homework 7.

(Problems with an asterisk (*) are optional; problems with two asterisks
(**) are optional and may be more challenging.)

1. Let R be a collection of measurable sets in R? with bounded eccen-
tricity. That is, there exists A € (0,00) such that for every R € R exists
an open ball B such that R C B and pu(B) < Au(R) (p denotes Lebesgue
measure). For measurable f : R? — C define

1
1 Mg f(x) = sup /f.
o (@) veRrer H(R) R’ |
Prove that there exists C' € (0, 00) such that for all f € L'(R%),
(2) Sup A({Mr f > A}) < C| fll L1 (way-
>

2. For f € LL _(R), define the (centered) Hardy-Littlewood maximal
function

Mf(z) = 8213217« Vol @e®

(a) Fix real numbers a < b. Compute M1,y explicitly.
(b) Suppose that M f € LY(R) for some f € L{ (R). Prove that f =0 a.e.

loc

3. Let E C [0,1] be measurable and « € (0,1). Assume that for every
interval I C [0,1] we have u(ENI) > a- u(l). Prove that u(E) = 1. (u
denotes Lebesgue measure.)

4. Let f € Llloc(Rd). x € R? is called Lebesgue point of f if
1
lim /fy—fmd y) =0,
i [ 1)~ f@)ldnty)
where B denotes a Euclidean ball.

(i) Prove that if f is continuous at z, then x is a Lebesgue point of f.
(ii) Prove that almost every = € R? is a Lebesgue point of f.

(Turn the page.)



5%. Let R be the collection of axis-parallel rectangles in R?. With Mg
defined as in (1), show that (2) does not hold. That is, show that for every
n € N there exists f € L'(R?) so that

Sup M({Mr f > Ap) = nllf |22 @)
>

6*. Let ¢ be a non-negative integrable function on R which is even (that
is, p(x) = p(—=x) for all z € R) and non-increasing on [0,00). For ¢ > 0
we let ¢ (z) =t 1p(t~'x). Prove that for a.e. z € R and every integrable
function f we have

sup [f x g (2)| < [l M f(2),
>0

where M f denotes the centered Hardy-Littlewood maximal function as de-
fined in Problem 2. Hint: First prove it if ¢ is a simple function.



