[Collect section-summaries for section 1.1.]
Key concepts of section 1.1?:
..?..

..?..
Function, domain, range

Increasing, decreasing, even, odd

[Have the students define these before proceeding to the review and elaboration that appears below.  Elicit both the algebraic and geometric way of characterizing even/odd functions.]
Function: A function f is a rule that associates values of y with values of x, so that each value of x is associated with at most one value of y, denoted by f(x).

(Why “at most one value?”

Differential calculus – the subject of 92.141 – is about how a change in one variable effects another variable.  It’s best suited to situations in which the value of one variable, x, completely determines the value of another variable, y; we call x and y the independent and dependent variables, respectively.  Later we’ll see how the methods can be applied to situations where x does not completely determine y, as in the case of the circle x2 + y2 = 1 for instance.)

Example: f(x) = 1 – 1/x is a function of x (f(x) has one value when x is non-zero, and no values when x is zero).
Non-example: g(x) = (sqrt(x) is not a function of x (it has two values when x is positive).
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Domain: The domain of f is the set of values x that get associated with a value y (exactly one!).

Range: The range of f is the set of values y that get associated with a value x (one or more!).
E.g., the domain of f(x) = 1–1/x is ... 
..?..

..?..

the set of all non-zero numbers, i.e. {x | x ( 0},

and the range is ... 

..?..

..?..

{y | y ( 1} (the set of all numbers other than 1).

Note: In this class, “number” means “real number”.  We will not discuss imaginary and complex numbers.  Also, note that infinity is not a number; until further notice, the symbols ∞ and  –∞ signify directions, not numbers.

Suppose f(x) = x2 for all x and g(u) = u2 for all u.

Are f and g the same function?

..?..

..?..

Yes (they have the same graph even though the “dummy variables” x and u used to define them are different; the axes will be labelled differently, but the curves will be the same).

It doesn’t matter what you choose to call a dummy variable, but it’s important to be consistent and to stick to your choice!

What do you make of the function definition “f(x) = u2”?

..?..

..?..

It’s a horizontal line whose height above the x-axis is the unknown quantity u2.

(Unless some functional relationship between x and u has been specified; e.g., if we’re in a context where u = x3, then f(x) = u2 means f(x) = (x3)2 = x6.  But if we’re not told a relationship between x and u, the default assumption is that there is none; that is, changing x has no effect on u.)

If the idea of a “rule” seems too imprecise, a function f with domain D also be defined as the set of ordered pairs

{(x, f(x)) | x in D} (pictorialy, this is tantamount to defining a function by specifying its graph).
Sometimes we’ll write f(a) as f(x)|x=a (though we won’t use this notation till several weeks from now).

Often the domain or range of a function is an interval (or a union of intervals).

Discuss intervals: I = [a,b], [a,b), (a,b], (a,b).

Also: [a,(), (a, (), (–(,b], (–(,b), (–(,().

(What about [–(,(]?...

..?..

..?..

No such thing, because –( and ( are not actual numbers.)

The set of non-zero numbers can be written as 

(–(,0) ∪ (0, ()

(recall that this is the domain of the function f(x) = 1–1/x).
A function f defined throughout some interval I is increasing on I if f(x1) < f(x2) whenever x1 < x2 in I.

Mathematicians often phrase it this way:

A function f defined on (i.e., throughout) I is increasing on I iff for all x1 and x2 in I with x1 < x2,  f(x1) < f(x2).

Here “iff” means “if and only if”.

The phrase “for all” is called a quantifier.

Common synonyms for “increasing” are “strictly increasing” and “monotone increasing”.
Example: f(x) = x2 is increasing on [0,1] [show sketch].

Proof: Take x1 < x2 in [0,1].  Then f(x2) – f(x1) = x22 – x12 = (x2 – x1)(x2 + x1) > 0 (because x2 – x1 and x2 + x1 are both positive), so f(x2) > f(x1), which is what we needed to check.

“But is f(x) = x2 really increasing at x=0?”

We haven’t defined what it means for a function to be increasing at a point; only what it means for a function to be increasing on an interval.  And the function f(x) = x2 meets the requirements of the definition for the interval I = [0,1].
Likewise, a function f  defined throughout the interval I is decreasing (or strictly decreasing, or monotone decreasing) on I iff for all x1 and x2 in I  with  x1 < x2,  f(x1) > f(x2).

Note that when we say “f is increasing on I”, what we mean is that f is increasing throughout the ENTIRE interval I.  If f is increasing on some parts of I and decreasing on other parts of I, we will NOT say “f is increasing on I”.
Is f(x) = x2 increasing on [–1,1]?

..?..

..?..

No.  It is decreasing on [–1,0] and increasing on [0,1].

Reminder: You will derive the maximum benefit from (and enjoyment of) class discussions if you have done the reading ahead of time.

Class meetings are where we explore and firm up our grasp of the concepts, NOT the place where we encounter them for the first time.

If you haven’t done the reading, it’s still better to come to class than not to, and you should still try to participate, but you won’t get as much out of the class as you will if you’ve at least skimmed the section.

Note that the homework assignment is TWO pages long.

For problem F, use the following definition: A function f defined throughout a set S (a subset of the domain of f) is increasing on S iff for all x1 and x2 in S with x1 < x2,  f(x1) < f(x2).  This can be applied to the set S = {x in R: x ≠ 0}, even though this set is not an interval.  So the question can be paraphrased like this: “Suppose f is some unknown function, but we are told that f(x) is defined for all x ≠ 0, that for all x1 < x2 (both negative), f(x1) < f(x2), and that for all x1 < x2 (both positive), f(x1) < f(x2); can we conclude that for all x1 < x2 (both non-zero), f(x1) < f(x2)?
A function f  defined throughout I is weakly increasing on I iff for all x1 and x2 in I with x1 < x2,  f(x1) ( f(x2).  (A common synonym for “weakly increasing” is “nondecreasing”, but I don’t like this; it sounds too much like “not decreasing”, which means something quite different!)
What’s an example of a function that is weakly increasing but not strictly increasing? ...

..?..

..?..

A constant function like f(x) = 17 for all x will do.
If f(x) is defined everywhere and it’s increasing on every interval, then we can simply say “f is an increasing function” without specifying a particular interval I.

If the domain of f is an interval, then when we say “f is an increasing function” without specifying a particular interval I, we mean “f is increasing on its domain”.

We say that a function f defined on an interval I is weakly decreasing on I iff …

..?..

..?..

for all x1 and x2 in I with x1 < x2,  f(x1) ≥ f(x2).
A main idea of section 1.1 is that a function need not be defined everywhere (that is, the domain need not be the set of all real numbers).  The “empty function” (the function f such that f(x) is defined for NO values of x) is an extreme case; here are some less extreme examples.
Example: The domain of the function f(x) = x/x is ...
..?..

..?..
{x in R: x ( 0}, because 0/0 is undefined.
(You can also write {x ∈ R: x ( 0} or {x : x ( 0}, but please don’t write {x ( 0} or {R: x ( 0} or {( 0} or anything like that.)

Q. Graph the function f(x) = x/x. 
..?..

..?..
A. The graph is the horizontal line y=1 with the point (0,1) removed.

