[Go around with names]
Mathematical proof is the written formalization of mathematical reasoning.

Mathematical reasoning is a form of reasoning that developed over the course of centuries, when all the forms of reasoning that led to error and contradiction were removed.

One source of contradiction is when two people use different definitions of terms.
Example: What does “between” mean, when we talk about all numbers x between 0 and 1?  Are x=0 and x=1 included?  If you think “yes” and I think “no”, we’ll come to different conclusions about claims like “For all x between 0 and 1, x2 is positive.”

We saw a discrepancy like this last time:

When we looked at the function f(x) = x3, we saw that the answer to the question “Is f an increasing function?” depends on what “increasing” means.  If it means “The derivative of f is positive everywhere”, then the answer is No.  But if it means “f(x1) < f(x2) whenever x1 < x2”, then the answer is Yes.  (We’ll prove this later.)

So it’s important to agree on definitions.

Sometimes two different definitions are both useful; then we introduce terminology that lets us use both without confusion.

Indeed, that’s where we get terms like “weakly increasing” and “strictly increasing” from.

Definitions can change over time; for instance, three hundred years ago “1” was considered to be a prime number, and now it isn’t.

Some definitions still aren’t sorted out; some people think the natural numbers are {0,1,2,…}, and some think the natural numbers are {1,2,3,…}.
So in any mathematical conversation it’s important to agree on the meaning of terms.

For us, the meaning will always be the meaning Stewart uses.

Note that every increasing function is automatically weakly increasing, but the converse is not true (e.g., f(x) = 17).

A function f is even if for all x in the domain of f, ...
..?..

..?..

f(–x) = f(x).

(Note: This implicitly requires that –x is in the domain of f.)
A function f is odd if for all x in the domain of f, ...
..?..

..?..

f(–x) = –f(x).

Is the constant function f(x) = 17 even or odd? ...

..?..

..?..

Even!

Is the linear function f(x) = 6x even or odd? ...

..?..

..?..

Odd!

What is the source of this terminology? ...
..?..

..?..
f(x) = cxn is an even function of x when n is even and an odd function of x when n is odd.
(Note: Most even/odd functions are NOT of this form.  For instance, sin x is odd, and cos x is even.)

Check: f(–x) = c(–x)n = c(–1)nxn = (–1)ncxn = (–1)n f(x), which is f(x) when n is even and –f(x) when n is odd.

More generally, a polynomial is an even function of x iff it involves only even powers of x, and is an odd function of x iff it involves only odd powers of x.
Claim: If f(x) and g(x) are even functions of x, so is f(x)+g(x).  (Likewise, if f(x) and g(x) are odd functions of x, so is f(x)+g(x).)

Proof: Since f(x) is even, f(–x) = f(x) for all x,

and since g(x) is even, g(–x) = g(x) for all x,

so f(–x)+g(–x) = f(x)+g(x) for all x, QED.

(Similarly for the case where f and g are odd functions.)

We write (f+g)(x) = f(x) + g(x). Note that the domain of f+g is the intersection of the domain of f and the domain of g.  So a more precise version of the proof would go like this:

Proof: Since f(x) is even, f(–x) = f(x) for all x in the domain of f, and since g(x) is even, g(–x) = g(x) for all x in the domain of g, so for all x in the domain of f+g (which is the intersection of the domains of f and g), we have f(–x)+g(–x) = f(x)+g(x) for all x, QED.

Here’s a curious example of our the-sum-of-two-even-functions-is-an-even-function theorem: Let f(x) be the even function 1/sqrt(1–x2) with graph
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and let g(x) be the even function 1/sqrt(x2–1) with graph
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What does the graph of 

y = f(x) + g(x) = 1/sqrt(1–x2) + 1/sqrt(x2–1) 

look like? 

..?..

..?..

It’s “pointless”!

Note that we sometimes want to work with functions like the functions f and g shown above that are defined for some values of x but not others.  But then we’re led to include functions like f+g that aren’t defined ANYWHERE.

Mathematicians prefer to be inclusive in their notion of what counts as a function, so the “empty” function is considered a function, even though it’s pretty boring.
Go back to the definition of what it means to be an even function.  Why is h(x) = 1/sqrt(1–x2) + 1/sqrt(x2–1) an even function of x? ...

..?..

..?..

What is the truth-status of the proposition “For all x in the domain of h, –x is in the domain of h and satisfies h(–x) = h(x)”?  (Recall that this proposition is precisely the meaning of the assertion “h is an even function”.)

..?..

..?..

It’s classified as a true statement, even though there ARE no values of x in the domain of the function (so everything after the comma is moot).

In mathematics, an assertion like “For all x in the domain of 1/sqrt(1–x2) + 1/sqrt(x2–1), ...” is regarded as vacuously true, since there’s no way for the part that precedes the “...” to be satisfied (there are no numbers x in the domain of the function).

Mathematicians treat vacuous statements as true because sometimes we don’t know whether an assertion is vacuous or not, but we’re certain that the assertion can’t be falsified by a counterexample!

Or, to put it differently: One of the functions

1/sqrt(2x2 – 3) + 1/sqrt(x4 – 2),

1/sqrt(3 – 2x2) + 1/sqrt(2 – x4)

has empty domain and the other doesn’t, but it’s not immediately obvious which is which; we’d like to see that they’re both even functions of x, even though in one case this is a vacuously true assertion.
