Who’s looked at the solutions to the first assignment?

..?..

..?..

Was it helpful?

Define “The function f is increasing on the set S” to mean

“For all x1 < x2 in S, f(x1) < f(x2)”.
Problem D (worth 6 points) Suppose f(x) is increasing on {x: x < 0} and increasing on {x: x > 0}.  Must f(x) be increasing on {x: x ≠ 0}?
Who thinks it’s true, and who thinks it’s false?

..?..

..?..

[Call on someone who looked at the solutions.]
What was the counterexample given in the solutions?

..?..

..?..

If you got this wrong, can you try to say why?

..?..

..?..

If you never even find out that you made a mistake, you never get to find out, and root out, the source of the error.

Then you make the same mistake again, and again, and again…

Also, even if you gave the right answer (“False”), you didn’t get full credit unless you gave a counterexample.

Likewise, for problem E, even if you gave the right answer (“True”), you didn’t get full credit unless you gave a proof.

So, read the solutions.

As you get better at writing proofs, you’ll get better at finding counterexample (“throw yourself at the ground and miss”).

Also, you should leave enough space in your homework for the grader’s comments.  He wants to help, but he can’t if you don’t give him the tools to do his job.

From now on, you’ll lose 1 point for failing to staple.

You cannot staple in class.

[Look at last two pages of 09.13.doc.]

Without getting into what .999… with infinitely many 9’s might mean, we can agree that, the more 9’s you stick after a decimal point, the closer you get to 1:

.9 = 1 – 1/10 = 1 – 10–1
.99 = 1 – 1/100 = 1 – 10–2
.999 = 1 – 1/1000 = 1 – 10–3
This brings us to the concept of a limit.

Another example of a limit:

What does your calculator say about (sin x) / x as x gets closer and closer to 0?

..?..

..?..

It appears to be getting closer and closer to 1.

We’d like to say 

“(sin x) / x approaches 1 as x approaches 0” 

or 

“The limit of (sin x) / x as x approaches 0 is 1”, 

but what does this mean?

[Collect section summaries for 1.3.]

Section 1.3: The notion of limit
Stewart’s first definition: We write limx(a f(x) = L and say “the limit of f(x), as x approaches a, equals L” if we can make the values of f(x) arbitrarily close to L by taking x to be sufficiently close (but not equal) to a.


There’s a lot here that needs unpacking: “we can make”, “arbitrarily”, and “sufficiently close”.  Not to mention the question “Why does the definition exclude the case x = a?”]


We want to exclude x = a because in many applications of limits (such as the definition of the derivative), we deal with functions where f is undefined at x = a (e.g., A(h) with h = 0, in the example on p. 24, or (sin x) / x as x = 0).

Example (p. 24): Let s(t)  =  position at time t  =  4.9 t2.

For h > 0, let

A(h) = average velocity from time 5 to time 5+h

= (change in position) / (time elapsed)


= (s(5+h) – s(5)) / ((5+h) – (5))


= (s(5+h) – s(5)) / h.

E.g., Stewart computes A(0.1) = 49.49 m/s
More generally,
A(h) = (s(5+h) – s(5)) / h 
        = (4.9(5+h)2 – 4.9(5)2) / h 
        = 4.9 (25+10h+h2 – 25) / h 
        = 4.9 (10h+h2) / h 
        = 4.9(10+h) as long as h is non-zero 
(note that A(0) gives 0/0: undefined).  So 
limh(0 A(h) = limh(0 4.9(10h+h2)/h 
                   = limh(0 4.9(10+h) 
                   = 4.9(10) 
                   = 49 m/s.  
(In upcoming lectures we’ll make the step 
“limh(0 4.9(10+h) = 4.9(10)” 
rigorous.)

Suppose f(x) is defined for all x near a, though not necessarily at a itself.  (More formally, we assume there exists some r such that f(x) is defined for all x satisfying

0 < |x – a| < r, i.e.,  f is defined throughout the open intervals (a – r, a) and (a, a + r); sometimes we call the set {x: 0 < |x – a| < r} = (a–r, a) ∪ (a, a+r) the “punctured open interval” of radius r centered at a.)

Then it makes sense to ask whether the limit of f(x) as x approaches a exists, and if so, what that limit is.

The limit of f(x) as x approaches a may be undefined, e.g., limx(0 1/x and limx(0 sqrt(x).
The existence of the limit, and the value of the limit, do not depend on the value of f(x) at x=a (the value f(a) may even be undefined!)
Example: Let f(x) = x+1 for all x ( 1, with f(1) undefined.  [Draw a picture.]  What is limx(1 f(x)?

..?..

..?..

limx(1 f(x) = 2, even though f(1) is undefined.

Another example: Let f(x) = x+1 for all x ( 1, with f(1) = 3.  [Draw a picture.]  What is limx(1 f(x)?

..?..

..?..

limx(1 f(x) = 2, even though f(1) = 3.

For which of the following functions do we have

limx(1 f(x) = 1?  (Draw graphs as needed.)

f(x) = x2 for x(1, undefined for x=1: 

..?..

..?..

TRUE

f(x) = x2 for x(1, =2 for x=1: 

..?..

..?..

TRUE

f(x) = x2 for x(1, undefined for x>1: 

..?..

..?..

FALSE

f(x) = x2 for x(1, =2 for x>1: 

..?..

..?..

FALSE

f(x) = x2 for x(1, =1 for x>1:

..?..

..?..

TRUE

f(x) = x2 for x(1, =x for x>1: 

..?..

..?..

TRUE

