Section 1.6: Limits involving infinity

Main ideas?

..?..

..?..

Key idea:

Even though infinity isn’t a real number, it can be useful as a way of indicating how functions behave.

E.g., for f(x)=1/x2, according to our earlier definition, limx(0 1/x2 is undefined, but we find it useful to write limx(0 1/x2 = (.

More generally, we write limx(a f(x) = ( to mean that

(for all M) (there exists ( > 0 such that) (if 0 < |x–a| < () then f(x) > M.

In the specific case f(x) = 1/x2, what ( can we pick as a function of M?

..?..

..?..

( = 1/sqrt(M).
Note that this holds for f(x)=1/x2 and f(x)=1/x4 (with a = 0) but not for f(x)=1/x or f(x)=1/x3 [have someone say why; draw sketches].

We can however write limx(0+ 1/x = ( or limx(0– 1/x3 = –(.

We write limx(a f(x) = –( to mean that

(for all M) (there exists ( > 0 such that) (if 0 < |x–a| < () then f(x) < M.

Sometimes we write ( as +( to make the distinction with 

–( clear.

Trigonometric example: limx((/2– tan(x) = +(, 

limx((/2+ tan(x) = –(.  [Draw sketch.]
These sorts of limiting assertions correspond to vertical asymptotes of the graph.  
We use similar notation for horizontal asymptotes: 
E.g., for the arctan function, we write limx(( arctan(x) = (/2, limx(–( arctan(x) = –(/2.  [Draw sketch.]
We write limx(( f(x) = L to mean that

(for all ( > 0) (there exists N such that) (if x > N) then

|f(x) – L| < (.

Also we get limits like limx(( x2 = ... 

..?..

..?..

+(.

We write limx(( f(x) = ( to mean that ...

..?..

..?..

(for all M) (there exists N such that) (if x > N) then f(x) > M.

More examples: limx(( sqrt(x) = ( and limx(( x = (.

[Have class divide into proofs to give rigorous proofs that limx(( sqrt(x) = (.]
Theorem: limx(( sqrt(x) = (.

Proof: Given any M, take N = M2.  Then every x satisfying x > N satisfies sqrt(x) > sqrt(N) = M, as required.

What’s limx(( sin x? …

..?..

..?..

It just plain doesn’t exist; period.

One way to handle (’s in limits is to turn them into one-sided limits by taking the reciprocal.

Theorem (Exercise 1.6.55 in Stewart): For any function f(x) defined for all x > 0, limx(( f(x) = limt(0+  f(1/t).  That is, if either of these limits exists, then so does the other, and the two are equal.
