Section 1.6: Limits involving infinity

One way to handle (’s in limits is to turn them into one-sided limits by taking the reciprocal.

Theorem (Exercise 1.6.55 in Stewart): For any function f(x) defined for all x > 0, limx(( f(x) = limt(0+  f(1/t).  That is, if either of these limits exists, then so does the other, and the two are equal.

E.g., to show limx(( (x2+1)/(x+1) = +(, it’s enough to show that limt(0+ (1/t2 + 1) / (1/t + 1) = +( (putting t = 1/x).  Since (1/t2 + 1) / (1/t + 1) = (1+t2)/(t+t2), this is equivalent to proving that limt(0+ (1+t2)/(t+t2) = +(.  But this is equivalent to proving that limt(0+ (t+t2)/(1+t2) = 0 (and that (t+t2)/(1+t2) is positive, not negative, when t is a small enough positive number).  It’s clear that (t+t2)/(1+t2) is positive when t is positive, and direct substitution gives limt(0+ (t+t2)/(1+t2) = 0, so we’re done.

Sketch of proof of Exercise 1.6.55:

(() If limx(( f(x) exists and equals L, then to prove that limt(0+  f(1/t) equals L, use ( = 1/N.

(() If limt(0+  f(1/t) exists and equals L, then to prove that limx(( f(x) equals L, use N = 1/(.

The preceding method of proof can also be used to show that limx(( f(x) = ( if and only if limt(0+  f(1/t) = (, and likewise, limx(( f(x) = –( if and only if limt(0+  f(1/t) = –(.
Jimmy suggested a “flipped” version of Exercise 1.6.55: For any function f(x) defined for all x > 0, limx(–( f(x) = limt(0–  f(1/t).  We can prove this directly, or we can derive it from Exercise 1.6.55 using two supplementary principles that are worth knowing in their own right:

Principle A: limx(–( f(x) = limx(( f(–x).

Principle B: limt(0–  f(t) = limt(0+  f(–t).

Proof of Jimmy’s principle: 
limx(–( f(x) = limx(( f(–x)
    (by Principle A)

   = limt(0+ f(–1/t)
    (by Stewart’s Ex. 1.6.55)
   = limt(0–  f(–1/(–t))  (by Principle B)

   = limt(0–  f(1/t).  
Note that limit laws apply to limits at infinity (that is, limx(( f(x)+g(x) = limx(( f(x) + limx(( g(x) as long as both of the limits on the right hand side exist) but not to infinite limits (you can’t use limit laws to write limx(a f(x)+g(x) as limx(a f(x) + limx(a g(x) if those two limits “are (”).

But there’s a sense in which you can do this, as long as you do it properly.
Suppose limx(a f(x) is ( and limx(a g(x) is (.  What can you conclude about limx(a f(x)+g(x)? ...

..?..

..?..

It must be ( too.  This is a new limit law, which you can use on homework problems (and you can mention that I said so, to let the grader know).  If you need a name for it, call it “one of Prof. Propp’s limit laws for infinite limits”.
Sketch of proof: Given any M > 0, choose ( = min((1, (2), where (1 was chosen so that f(x) > M/2 whenever 0 < |x – a| < (1, and (2 was chosen so that g(x) > M/2 whenever 0 < |x – a| < (2.  Then, every x with 0 < |x – a| < ( satisfies f(x) + g(x) > M/2 + M/2 = M.

Example: limx(0 1/x2 is ( and limx(0 1/x4 is (, so 

limx(0 (1/x2 + 1/x4) is (.

(BUT: You can’t write “limx(0 (1/x2 + 1/x4) = limx(0 1/x2 + limx(0 1/x4 = ( + ( = (” without being guilty of the sin of treating ( as if it were a number.  Don’t do this on the homework!)
Next, suppose limx(a f(x) = ( and limx(a g(x) = –(.  What can you conclude about limx(a f(x)+g(x)? ... 

..?..

..?..

Nothing can be concluded.  The limit could be some finite number, or (, or –(, or undefined.

[Have students give examples of all three possibilities.]

Here’s another limit law you may use on homeworks: if limx(( f(x) = ( and limx(( g(x) is some finite value, then limx(( f(x) + g(x) = (.

Example: limx(( (x4+x–1)/(x2+1) =

limx(( (x2–1) + x/(x2+1)  (by polynomial division);

and since 

limx(( (x2–1) = ( and limx(( x/(x2+1) = 0,

limx(( (x2–1) + x/(x2+1) = ( as well.

(Just don’t write “( + 0 = (”!)

Some more limit problems:

limx(4 (x2–16)/(x–4) = ...

..?..

..?..

limx(4 (x+4) = 8

(From an operational point of view this is the “simplify before you substitute” rule you probably learned in high school calculus.  Conceptually, what’s going on is that there are two different functions involved, namely the rational function f(x) = (x2–16)/(x–4) and the polynomial function g(x) = x+4: each of them is continuous at every point in its domain, but one of them has 4 in its domain and the other doesn’t.  Since they are equal everywhere except at x = 4, they approach the same limit as x approaches 4.)

limx(4 (x3–64)/(x2–16) = ... 

..?..
..?..
limx(4 (x2+4x+16)/(x+4) = (16+16+16)/(4+4) = 48/8 = 6

limx(4 (x–4)/(sqrt(x)–2) = ... 

..?..
..?..
limx(4 (sqrt(x)+2) = sqrt(4)+2 = 2+2 = 4.

Another way to solve this last problem is to rationalize the denominator: limx(4 [(x–4)]/[(sqrt(x)–2)] =

limx(4 [(x–4)(sqrt(x)+2)]/[(sqrt(x)–2)(sqrt(x)+2)] =

limx(4 [(x–4)(sqrt(x)+2)]/(x–4) = limx(4 (sqrt(x)+2) = etc.

Questions on Chapter 1?

Remember to do the true-false quiz on chapter 1 to prepare for tomorrow’s in-class debate!
