Chapter 2

Section 2.1: Derivatives and rates of change

Main point of 2.1? …

..?..

..?..

Limits of the form limh(0 (f(x+h) – f(x))/h, called derivatives, play a unifying role; they let us talk about things like “slope of the tangent line” and “instantaneous velocity” in a single common framework.

Example 1: Let P be the point (a, f(a)) on the curve y = f(x), and Q be the nearby point (a+h, f(a+h)).  Then the slope of the secant PQ is (f(a+h)–f(a))/((a+h)–a) = (f(a+h)–f(a))/h, so as Q approaches P, the slope of the secant approaches limh(0 (f(a+h)–f(a))/h, assuming this limit exists.

Example 2: Let f(t) be the position of a particle at time t.  Assume f(t) is an increasing function of t.  Then the distance traveled from time a to time a+h is f(a+h)–f(a), and the time elapsed in this period is h, so the average velocity over this period is (f(a+h)–f(a))/h, and the instantaneous velocity of the particle at time a can be defined as limh(0 (f(a+h)–f(a))/h (the same limit as above!).

We write this limit (if it exists) as f ((a), and call it the derivative of f at the value a.  When f ((a) exists, we say f(x) is differentiable at x=a.

We also have f ((a) = limx(a  (f(x) – f(a))/(x – a).  Sometimes this definition is easier to work with.  

It also reminds us that both the numerator and denominator are differences; hence the term “difference quotient”.
Example: Compute the derivative of f(x) = x5 at x = a both ways.

First way: limh(0  ((a+h)5 – a5)/h 


= ..?..


   ..?..


= limh(0  ((a5+5a4h+10a3h2+10a2h3+5ah4+h5) – a5)/h


= limh(0 5a4+10a3h+10a2h2+5ah3+h4

= 5a4 (by the Direct Substitution Property).

Second way: limx(a  (x5 – a5)/(x – a)


= ..?..


    ..?..


= limx(a  x4 + x3a + x2a2 + xa3 + a4

= a4 + a4 + a4 + a4 + a4 (by direct substitution)


= 5a4.

Question: f(x) = x1/3 for all x.  Evaluate f ((a) for all a.

Answer: First take a = 1 as a warm-up:

limx(1 (x1/3–1)/(x–1) = limx(1 (x1/3–1)/((x1/3)3–1) 

                                 = limx(1 1/(x2/3+ x1/3+1)





 = 1/(1+1+1) (by Theorem 1.5.6)





 = 1/3 

So f ((1) = 1/3.

More generally,

limx(a (x1/3– a1/3)/(x–a) = limx(a 1/(x2/3 + x1/3 a1/3 + a2/3)





     = 1/(a2/3 + a2/3 + a2/3)





     =  (1/3) a–2/3.

Is this valid for all values of a?

..?..

..?..

This analysis works only for values of a other than 0.

What about a = 0?

limx(0 (x1/3– 01/3)/(x–0) = limx(0 x1/3/x





     = limx(0 x–2/3




     = ..?..






..?..





     = undefined
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Thus we have 

f ((a)   =   { undefined

if a = 0, 



{ (1/3) a–2/3

otherwise.

We could also informally write f ((0) = +( since

limx(0 x–2/3 = +( (check this!).

Remember: If the limit


f ((a) = limx(a  (f(x) – f(a))/(x – a)



 = limh(0  (f(a+h) – f(a))/h
exists, we say f is differentiable at a.

Is f(x) = x2 differentiable at x=0? ... 

..?..

..?..

Yes:

limh(0 (h2 – 02)/h = limh(0 h = 0

(horizontal tangent line)

Is f(x) = |x| differentiable at x=0? ... 

..?..

..?..

No:

limh(0+ (|h| – |0|)/h = limh(0+ h/h = 1 but

limh(0– (|h| – |0|)/h = limh(0– (–h)/h = –1,

so the two-sided limit limh(0 (|h| – 0)/(h – 0) is undefined.

This important difference between y = x2 and y = |x| explains why calculus teachers are so unhappy with students who sketch parabolas that are pointy at the vertex.  Parabolas are not pointy anywhere because f(x) = x2 is differentiable everywhere!

Consider the function f(x) = x|x|, which can also be described by the two-part formula




{–x2
if x < 0,


f(x)    =
{




{x2 
if x ( 0.
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Is f(x) differentiable at x = 0?

..?..

..?..

limh(0+ (h|h| – 0)/h = limh(0+ h2/h = limh(0+ h = 0 and

limh(0– (h|h| – 0)/h = limh(0– –h2 / h = limh(0– –h = 0.

Since the left-hand and right-hand limits agree, the two-sided limit exists.  So the derivative of f(x) at x = 0 is 0.

Trick question: Is f(x) = x|x| is increasing on (–∞,∞)?

..?..

..?..

What’s the definition of “f is increasing on I”?

..?..

..?..

“For all x1 < x2 in I, f(x1) < f(x2).”
Is this true for f(x) = x|x|?

..?..

..?..

Yes.  So, even though  f ((0) = 0, f is an increasing function.

Is f(x) differentiable at x=1, and if so, what is its derivative?

..?..

..?..

Note that for all h sufficiently close to 0 (specifically, for all h with |h| < 1), f(1+h) = (1+h)2.  Hence the two-sided limit limh(0 (f(1+h) – f(1))/h equals the two-sided limit


limh(0 ((1+h)2 – (1)2)/h = limh(0 (2 + h) = 2.

[Explain this with a picture of y=x2 superimposed on a picture of y=x|x|, and various secant lines.]

The general principle at work here is: 

Locality principle for derivatives: 

If there exists some (0 > 0 such that f(x) = g(x) for all x in 

(a – (0, a + (0), then f ((a) = g ((a).  [Draw a picture.]  The preceding example was the case f(x) = x|x|, g(x) = x2, a = 1.

Proof of locality principle for derivatives: 

f ((a) = limx(a (f(x) – f(a))/(x – a)


= limx(a (g(x) – g(a))/(x – a)


    (by the locality principle for limits; see 09.20.doc)


= g((a).

Questions on section 2.1?
