Section 2.2: The derivative as a function

[Collect notes on section 2.2]

Main idea of section 2.2: …

If you find the slopes of all the tangents to the graph of a function, those slopes determine a new function, called the derivative.

We showed last time that if f(x) = x5, then 

f ((a) = 5a4 

for all a.  

That is, with f ((x) = limh(0  (f(x+h) – f(x))/h, we have 

f ((x) = 5x4 

for all x.

That is, the derivative of x5 is 5x4.

Likewise, we showed last time that the derivative of the function f(x) = x1/3 is the function f ((x) = (1/3) x–2/3 (for all x(0).

An alternative notation for this is (d/dx) x1/3 = (1/3) x–2/3.

Or, if we write y = f(x) = x1/3, we can write y( = dy/dx = (1/3) x–2/3.

These two results are special cases of the general power rule (d/dx) xr = rxr–1 (namely the cases r = 5 and r =1/3).

We proved this rule above for the cases r = 5 and r = 1/3. It works for any rational number r (including negative numbers).

(Later on, when we define things like x( and xsqrt(2), we’ll learn that (d/dx) xr = rxr–1 holds for all real numbers r.)

Let H(x) be the Heaviside function.  What is the derivative of H?

..?..

..?..

H((x) = 0 if x ( 0, with H((0) undefined.

(If you like, you can write this as H((x) = 0/x for all x, since 0/x is 0 for x ( 0 and undefined for x = 0.)

To prepare for an important theorem (“every function that is differentiable at a is also continuous at a”), we need to compare the notions of differentiability and continuity.

f  is diff’ble at a ( (f(x)–f(a))/(x–a) converges as x(a.  

Compare:

f  is continuous at a ( f(x)–f(a) converges to 0 as x(a.  

Let’s prove the “(” part of the second assertion (since that’s the one we’ll need in a minute or two):

If limx(a f(x)–f(a) = 0, then

limx(a f(x) = limx(a [f(x)–f(a)]+f(a)



  = limx(a [f(x)–f(a)]+ limx(a f(a)

                  = 0 + f(a)

                  = f(a)

so f is continuous at a.

Claim: If limx(a (f(x)–f(a))/(x–a) exists (call it L), 

then limx(a  f(x)–f(a) = 0.

Proof: Write

limx(a  f(x)–f(a) = limx(a ((f(x)–f(a))/(x–a)) (x–a)




 = limx(a ((f(x)–f(a))/(x–a)) limx(a x–a



 = L times 0




 = 0.

Consequence: If f is differentiable at a, then f is continuous at a.
Proof:

f is differentiable at a  (  limx(a (f(x)–f(a))/(x–a) exists 

(  limx(a f(x)–f(a) = 0  (  f  is continuous at a.
Question: Is the converse true?  That is, if f is continuous at a, must f be differentiable at a?

..?..

..?..

No; e.g., take f(x) = |x|.  It is continuous at 0, but not differentiable at 0.

Ditto for f(x) = x1/3.
The derivative of y=f(x) can be denoted by f ((x) (“Newton notation”) or dy/dx (“Leibniz notation”).

If we define (x = h and (y = f(x+h) – f(x), then we can define f ((x) = limh(0 (f(x+h) – f(x))/h = lim(x(0 (y/(x; Leibniz wrote this limit as dy/dx because he imagined that if (x becomes infinitesimal, then (y becomes infinitesimal too, and the ratio of these infinitesimal numbers would be the finite number f ((x).  That is, he thought of dx and dy as actual infinitesimals.  

Later mathematicians kept Leibniz’ notation but dropped the idea of infinitesimals; they also changed the meaning, so that dy/dx was parsed as (d/dx) times y, where pre-multiplication by d/dx now meant “differentiate the expression that follows with respect to x”.

Question: Let f(x) be the continuous extension of x sin 1/x , that is, 



{ x sin 1/x for x ( 0

f(x) 
= 
{



{0             for x = 0.

[image: image1.emf]--------










Is f (x) differentiable at 0?  Appeal to the definition of the derivative.

..?..

..?..

Algebraic answer: f ((0) = limx(0 [f(x) – f(0)]/(x – 0) = limx(0 f(x)/x = limx(0 (x sin 1/x)/x = 

..?..

..?..

limx(0 sin 1/x, which as we’ve seen does not exist [draw sketch].

Geometric answer: As x(0+, infinitely many of the secant lines for the curve y = f(x) have slope +1 (namely those that go through (0,0) and (x,x) for x satisfying sin 1/x = +1) and infinitely many of the secant lines have slope –1 (namely those that go through (0,0) and (x, x) for x satisfying sin 1/x = –1), so the slope of the secant line through (0,0) and (x,f(x)) does not approach a limit as x goes to 0, so the derivative f ((0) does not exist, so f(x) is not differentiable at 0.

(Is f(x) = x sin 1/x differentiable at other points?

For that, we’ll need the “chain rule”; stay tuned!)

Now take



{ x3 sin 1/x for x ( 0,

g(x) 
= 
{



{0               for x = 0.
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Is g differentiable at 0? ...

..?..

..?..

g((0) = limx(0 (x3 sin 1/x – 0)/(x)


= limx(0 x2 sin 1/x 


= (limx(0 x) (limx(0 x sin 1/x)
= (0) (0)  (using the fact that f is continuous at 0)

= 0.

(Or use the inequalities –x2 ( x2 sin 1/x ( +x2 and apply the Squeeze Theorem.)

So g is differentiable at 0, with derivative 0.

