Section 2.2: The derivative as a function (continued)

Definition: We say that a function f is differentiable on the open interval I if f is differentiable at x for every x in I.  (Here I could be (a,b) or (a,() or (–(,b) or (–(,().)

(We say that a function f is differentiable on a closed interval [a,b] if f is differentiable at every x in (a,b), is differentiable from the right at a (i.e. the one-sided derivative 

limh(0+ (f(a+h)–f(a))/h 

exists) and is differentiable from the left at b (i.e. the one-sided derivative 
limh(0( (f(b+h)–f(b))/h.

exists).  And likewise for functions on intervals of the form [a, () and (–(,b].  But I don’t think we’ll need this definition.)

[Do exercise 2.2.3 with class.]

Questions on section 2.2?

 “Paradox”: “Solve x2 = 1.  We get x = +1 and x = –1.  So 
1 = x = –1, implying 1 = –1.”

..?..

An equation is only true (or false) in a context and in a domain of validity. Ignore the context and domain of validity and you may get nonsense.

That may seem just silly, but at the end of the lecture I’ll show you a calculus counterpart of this paradox.

[Collect notes on section 2.3]

Section 2.3: Basic differentiation formulas

The power rule, proved without the binomial theorem, for positive integer exponents:

If f(x) = xn, with n a positive integer, then

f ((a) = limx(a (xn – an)/(x – a)


= limx(a xn–1 + xn–2 a + xn–3 a2 + ... + x1 an–2 + an–1

= an–1 + an–1 + ... + an–1    (n times)


= n an–1.

So f ((x) = n xn–1.

The sum rule, single-point version: If f and g are differentiable at x = a, then so is f + g, and 

(f + g)((a) = f ((a) + g((a)

where f + g is the function defined by the rule 

(f + g)(x) = f(x) + g(x).

Note: The rule only applies if f and g are differentiable at a.  Just because f ((a) and g((a) don’t exist, you can’t conclude that (f + g)((a) doesn’t exist.

The sum rule, local version: If f and g are differentiable on the open interval I, then so is f + g, and (f + g)( = f ( + g( on I.

The sum rule, expressed as the slogan “the derivative of the sum equals the sum of the derivatives”,  applies to a sum of any number of functions, not just two: e.g., 

(f + g + h)( = f ( + g( + h(.  

(We can derive the sum-of-three-functions version of the sum rule via two applications of the sum-of-two-functions version of the sum rule: (f + g + h)( = ((f + g) + h)( = (f + g)( + h( = (f ( + g() + h( = f ( + g( + h(.  Likewise for sum of four or more functions.) 

The constant multiple rule: If f is differentiable, then so is cf  for any constant c, and (cf )( = c (f ().

Here cf is the function defined by the rule


(cf)(x) = c f(x)

See section 2.3 of Stewart for other important rules.

Note that the derivative of a polynomial of degree d(1 is a polynomial of degree d–1. 

Section 2.4: The product and quotient rules

The product rule: (f g)( = f (g + f g(.

Baby example: f(x) = Ax + B, g(x) = Cx + D.

(f g)( = (d/dx) [(Ax+B)(Cx+D)]


 = (d/dx) [ACx2 + ADx + BCx + BD]


 = 2ACx + AD + BC

 = A (Cx + D) + (Ax + B) C

 = f (g + f g(
Note that in this example, f g is a quadratic (but not linear) function, so its derivative must be a linear (but not constant) function; on the other hand f (g( is a constant function, so it can’t be a candidate for f (g(.

That is, if f and g are polynomial of degree m and n, then the product fg is a polynomial of degree m+n, so (fg)( is of degree m+n–1.  Note that f (g is also of degree (m–1)+n = m+n–1 and f g( is also of degree m+(n–1) = m+n–1.  But 

f (g( is of degree (m–1)+(n–1)=m+n–2, so it can’t coincide with (fg)(; the degrees are different.

Yet another way to see that the “bogus product rule” (fg)( = f (g( makes no sense is to use dimensional analysis.  Say we have a rectangle whose width at time t (where t is measured in seconds) is f(t) (measured in feet), and whose height at time t is g(t) (again measured in feet).  Then the area (fg)(t) has units of square feet, and its time-derivative (fg)( has units of square feet per second.

But f ( has units of feet per second, as does g(, so f (g( has units of square feet per “square seconds” (often pronounced “square feet per seconds-squared).  

Since there’s a mismatch in the units, equality can’t hold.

We’ll see this rectangle situation again next time.
Here’s something to think about overnight:

Paradox: “Let x = 1.  Then x2 = 1.  Differentiating both sides, we get 2x = 0.  But this contradicts x = 1.”  What’s wrong with this?
