[Ask students to remind me to return HW at the end of class.  Sound them out about moving the midterm exam to Nov. 2.  Pay Dominic $1.  Hand out candy.]
Section 2.5: The chain rule (concluded)

Recall the chain rule:

(f ( g)((a) = f ((g(a)) g((a).

Example: Let g(x) = x2, f(y) = y1/2, so that (f ( g)(x) =

..?..

..?..

|x|.

Take 2 minutes to use the chain rule to compute (f ( g)((–1). 

..?..

..?..

Let g((x) = 2x, f ((y) = (1/2)y–1/2, and 
 (f ( g)((–1) = f ((g(–1)) g((–1) = f ((1) g((–1) 

                  = (1/2) 1–1/2 (2)(–1) = –1.

This checks what we know about the derivative of |x|.

Note that if we’d used the mistaken formula (f ( g)((a) = 

f ((a) g((a), we’d get nonsense, since in this case a=–1 isn’t even in the domain of f ((y) = (1/2)y–1/2.

If we try to use the chain rule to compute (f ( g)((0) for the above example, what happens?

..?..

..?..

g(0) is not in the domain of f (, so the chain rule does not apply (one of the hypotheses isn’t satisfied).

Here’s a more precise version of the chain rule that takes into account the domains of the functions f and g:

Let f : I ( R and g : J ( R satisfy g(J) ( I so that the composition f (g is well-defined on all of J.  
(Here g(J) means {g(x): x ( J}, and ( means “is a subset of or is equal to”.)

If g is differentiable at a ( J and f is differentiable at g(a) ( I, then f (g is differentiable at a with 

(f (g)((a) = f ((g(a)) g((a).

[Explain why the conditions make sense; use a picture.]

Consequence of chain rule: 

(f ( g ( h)((a) = f ((g(h(a))) g((h(a)) h((a),

and so on for compositions of more than three functions.

Application of chain rule: Show that the tangent to a circle at the point P is perpendicular to the radius that goes through P [draw a picture].

Assume without loss of generality that the radius is 1, and restrict to the top half of the circle, so that the point P=(x,y) satisfies y=sqrt(1–x2).

Step 1: Find slope of tangent at P = (x,y):

y = sqrt(1–x2) = f(g(x)), where 

f(y) = sqrt(y) = y1/2, g(x)=1–x2.

f ((y) = 1/(2 sqrt(y)) (see Example 3 on p. 86), g((x) = –2x.

(You can use x throughout if you prefer; most people do.)

(f ( g)((x) = f ((g(x)) g((x) = [1/(2sqrt(1–x2))][–2x]


= –x/sqrt(1–x2)

Aside: For what values of x is this true?

..?..

..?..

We need f to be differentiable at g(x).

f(y) is differentiable with respect to y at all y > 0 (but not at y = 0), so we can only apply the chain rule if g(x) > 0.

We have 1 – x2 > 0 as long as –1 < x < +1.

So, for x strictly between –1 and +1 we have 

slope of tangent = (d/dx) sqrt(1–x2) = –x/sqrt(1–x2).

Step 2: Find slope of radius through (x,y):

slope of radius = y/x = sqrt(1–x2)/x.

Step 3: See if the product of the slopes is –1:

[–x/sqrt(1–x2)] [sqrt(1–x2)/x] = –1, which checks.

So we’re done.

(If the point P is (1,0), or (–1,0), the above method doesn’t apply, but perpendicularity still holds.)
Another application of the chain rule:

Write sin 1/x as f(g(x)) with g(x) = 1/x, f(y) = sin y.

For x ( 0, g((x) = –1/x2 and f ((g(x)) = cos g(x) = cos 1/x, so away from x=0, (d/dx) sin 1/x = (cos 1/x)(–1/x2) = 

– (cos 1/x)/x2.

Also note that, by the product rule, (d/dx) x2 sin 1/x = (2x)(sin 1/x) – (x2) (cos 1/x)/x2 = 2x sin 1/x – cos 1/x 

for all x ( 0.  

Therefore the function 



{ x2 sin 1/x
if x ( 0, 
f(x) 
  =
{



{
0

if x = 0

is differentiable at x for all x ( 0.  (A separate argument shows that it’s differentiable at 0, with derivative 0 there.)

Any questions about the chain rule?

Here’s a paradox I asked you to think about:

Write 

x2 = x + x + … + x (x added to itself x times).  Differentiating both sides, we get 

2x = 1 + 1 + … + 1 (1 added to itself x times), 

or 2x = x.  What’s going on?

..?..

..?..

The equation

x2 = x + x + … + x
is valid only when x is a whole number.  But the set of whole numbers does not contain any open intervals, so there exists no interval I on which differentiating-both-sides-of-the-equation can be applied. 
