[Collect section summaries, homework, time sheets.]

[Hand out time sheets.  Return Dan’s pencil.  Pay Molly $1.]

Section 2.6: Implicit differentiation
What’s the main idea of section 2.6? ...

..?..

..?..

Implicit differentiation: To differentiate y with respect to x, you don’t always need to write y explicitly in the form f(x); it can be enough to write an algebraic relationship between x and y.

We’ve shown that the tangent to the unit circle at the point P=(x,y) has slope –x/y, using y=sqrt(1–x2).

Here’s how we do it with implicit differentiation:

x2+y2 = 1 (an algebraic relationship between the independent variable x and the dependent variable y).

Differentiate with respect to x and solve for y( in terms of x and y:

2x + 2yy( = 0

2yy( = –2x
y( = (–2x)/(2y) = –x/y
Note that this works both for the “positive branch” of the multivalued function y = (sqrt(1–x2) (i.e. y = sqrt(1–x2)) as well as the “negative branch” (y = –sqrt(1–x2)).

In this case, we at least have a way to write y as a function of x.  But in some cases, we don’t.

The function y5 + y is a continuous function of y that goes from –( to +( as y goes from –( to +(, so for each value of c, there is a value of y such that y5+y=c.  (This follows from the Intermediate Value Theorem.)  That is, there is AT LEAST ONE value of y such that y5+y=c.

In fact, since y5+y is an INCREASING function of y, for each value of c there is AT MOST ONE value of y such that y5+y=c.

Combining these two assertions, we see that for each value of c there is EXACTLY ONE value of y such that y5+y=c.

That is, for each x there is a unique y such that y5+y=x.  Call it f(x).  Here’s a piece of the graph of f(x):
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There is no algebraic formula expressing y in terms of x (you’ll learn why if you take abstract algebra).  But we can still prove things about f (.

For instance, take the point (2,1) on the curve.  To find the slope of the tangent to the curve at that point, differentiate the equation y5 + y = x to get 5 y4 y( + y( = 1.  Setting x = 2 and y = 1 we get 6 y( = 1, or y( = 1/6 as the slope of the tangent line.   More generally, y( = 1/(5 y4 + 1).

What about higher derivatives?

Differentiate again: 20 y3 (y()2 + 5 y4 y(( + y(( = 0

Setting x = 2 and y = 1 and y( = 1/6 we get

(20/36) + 6 y(( = 0, so y(( = – 20/216 = –5/54. 

Problem 30: Where does the curve y2 = x3+3x2 have a horizontal tangent line?

[Have the class help me sketch y = x3+3x2 and then sketch y2 = x3+3x2: (0,0), (–3,0), etc.]
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Where does the curve have a well-defined tangent line?

Everywhere except at (–3, 0) where there is a vertical tangent line (we’ll prove this shortly), and at (0,0) (where it either has two tangent lines or none, depending on how you define “tangent”).

Apply implicit differentiation:

2 y y( = 3x2 + 6x
y( = (3x2 + 6x)/(2y)

Note that as x approaches –3 from the right, with y approaching 0, y( diverges.  So there is indeed a vertical tangent line (as opposed to a cusp) at (–3,0).
Where 3x2 + 6x = 0 and y ( 0, we have a horizontal tangent line.

Where 3x2 + 6x ( 0 and y = 0, we have a vertical tangent line.

Where 3x2 + 6x = 0 and y = 0, fancier methods are called for (which we won’t have time to explore).

Find the horizontal tangent line(s):

3x2 + 6x = 0

x = 0 or x = –2

(0,0), (–2,2), (–2,–2)

There are horizontal tangent lines at (–2,2) and (–2,–2).

We’ll see shortly that the solution x = 0 is extraneous; that is, the graph does NOT have a horizontal tangent line there.

Find the vertical tangent line:

3x2 + 6x ( 0 and y = 0 ( (x,y) = (–3,0)

Questions on section 2.6?
