Section 3.2: Inverse functions (concluded)
Theorem 7: Let f  be a one-to-one differentiable function, and let a=f –1(b) for some number b in the range of f.  

If f ((a) ( 0, f –1 is differentiable at b, and 

(f –1)((b) = 1 / f ((a).

Proof of Theorem 7: See Stewart, p. 156.

Check that the theorem is consistent with what we know: For convenience, write g = f –1.  We have f(g(x)) = x, so by the chain rule, f ((g(x)) g((x) = 1, whence g((x) = 1/f ((g(x)).  In particular, putting x = b and g(x) = a, we have 

g((b) = 1/f ((a).

Why isn’t the preceding check a proof of Theorem 7? ... 

..?..

..?..

Because it presupposes that f –1 is differentiable.

(This should remind you of my bogus proof of the quotient rule: it assumed that 1/f is differentiable.)

Stewart gives this argument in Note 2 on page 156, but quite rightly prefaces it by saying “If it is known in advance that f –1 is differentiable, then its derivative can be computed more easily than in the proof of Theorem 7  by using implicit differentiation.”

Example: Let f(x) = x3+x.  Find (f –1)((10).

Solution: f –1(10) = 2.  f ((2) = (3)(2)2+1 = 13, so 

(f –1)((10) = 1/13.

Important application of inverse functions: The inverse of the function f(x) = ax  (with domain (–(,() and range (0,()) is the function f –1(x) = loga x (with domain (0,() and range (–(,()).  Hence loga (ax) = x and a^(loga x) = x.  (Note: “a^x” and “a**x” are just different ways of writing ax.)

Special case: The inverse of the function f(x) = ex = exp(x) is the natural logarithm function f –1(x) = loge x = ln x.
Base change formulas: for a > 0,

(1) ax = ex ln a  

and 

(2) loga y = ln y / ln a.

Proof of (1): ax = (eln a)x = e(ln a)(x) = ex ln a.

Proof of (2): Let x = loga y.  Then y = ax = ex ln a (by (1)), so, by taking the natural log of both sides, we get ln y = x ln a, whence x = (ln y)/(ln a).

So we can express all exponentials and logarithms in terms of natural exponentials and natural logs.

Calculate x = (log2 3) (log3 5)(log5 2) without using a calculator.

..?..

..?..

x = (ln 3 / ln 2) (ln 5 / ln 3) (ln 2 / ln 5) = 1.

[Collect summaries of section 3.3]

Section 3.3: Derivatives of logarithmic functions and exponential functions

Main ideas?

..?..

..?..

The derivative of exp(x) is exp(x).

The derivative of ln x is 1/x.

Basic Facts:

(1). (d/dx) loga x = (1/(loge a)) (1/x) = (1 / ln a) (1/x)

(2). (d/dx) ln x = 1/x
(3). (d/dx) ax = (loge a) (ax) = (ln a) (ax)

(4). (d/dx) ex = ex
Proofs:

(1). See page 164. 

(2). Set a=e in (1).

(3). Apply Theorem 7: Put y = ax, so x = loga y.  Differentiate with respect to y: dx/dy = (d/dy) loga y = 

(1/ln a)(1/y) (by (1)), so, taking the reciprocal, we get 

dy/dx = (ln a)(y) = (ln a)(ax).

(4). Set a=e in (3).

Also:

(d/dx) ln |x| = 1/x for all x(0.

Proof: ln |x| = {ln x if x > 0, ln(–x) if x < 0}, so

(d/dx) ln |x| = {1/x if x > 0, (1/(–x))(–1)=1/x if x < 0}.

Here’s a plot of ln |x|:
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And here’s a plot of its derivative 1/x, for comparison:
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Note: (d/dx) ln(Cx) (for C>0) equals (1/(Cx))(C) = 1/x, so the derivative of ln(Cx) doesn’t depend on C; does this make sense? …

..?..

..?..

It makes sense because ln(Cx) = ln(C) + ln(x), so that

(d/dx) ln(Cx) = (d/dx) ln(C) + (d/dx) ln(x) = 0 + 1/x = 1/x.

Useful fact (special case of chain rule):

(d/dx) ef(x) = f ((x) ef(x)
Example: (d/dx) ex^2 = ... 

..?..

..?..

2x ex^2.

Differentiate e^(e^x): ... 

..?..

..?..

(e^x) (e^(e^x)) or e^(x + e^x)

Differentiate ln(ln x): ... 

..?..

..?..

(1 / ln x) (1/x) or 1 / (x ln x)

(Note that the domain of ln(ln x) is (1,(); likewise the domain of ln(ln(ln x)) is (e, (), and the domain of ln(ln(ln(ln x))) is …

..?..

..?..

(ee, (), etc.)

Differentiate xx: ... 

..?..

..?..

xx = ex ln x, so

(d/dx) xx = (ln x  + 1) ex ln x = (ln x  + 1) xx
Another method we can apply is logarithmic differentiation:

(d/dx) ln f(x) = f ((x) / f(x) 

That is, if f(x) > 0 on some open interval I, then ln f(x) is differentiable with derivative f ((x)/ f(x) throughout I.

(Proof: Apply the chain rule.)

The consequence f ((x) = f(x) (d/dx) ln f(x) is frequently useful.

Example:  Let f(x) = xx (for x > 0).

Then

ln f(x) = x ln x
and

(d/dx) ln f(x) = (x)(1/x) + (1)(ln x) = 1 + ln x
so


 f ((x) = f(x) (d/dx) ln f(x) = (xx) (1 + ln x)

as derived above.

Questions?

General guideline: when functions involve logs and exponentials, simplify algebraically before you differentiate; you’ll save yourself lots of trouble!
