[Collect summaries of section 3.5; hand out time-sheets]

Section 3.5: Inverse trig functions.

Read Appendix A if you haven’t already!

The function y = sin x is not one-to-one on (–(,():
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But the function is one-to-one on various finite intervals, such as [–(/2, (/2]:
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The restriction of y = sin x to [–(/2, (/2] is an invertible function with domain [–(/2, (/2] and range [–1,1], so it has an inverse function called sin–1 or arcsin with domain [–1,1] and range [–(/2, (/2]: 
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The arcsine of x equals the unique ( between –(/2 and +(/2 satisfying sin(() = x.

What is sin(arcsin(x))?  

..?..

..?..

x.

For what values of x is this true?  

..?..

..?..

All x in [–1,1].

What about values of x outside this range?  

..?..

..?..

arcsin(x) is undefined, so sin(arcsin(x)) is undefined too.

(What does your graphing calculator show as the graph of sin(arcsin(x))?  It should just be the line segment joining the points (–1, –1) and (+1,+1), not the full line y = x.)

Note that Mathematica gets this wrong; it thinks Sin[ArcSin[2]] = 2, for instance!

What is arcsin(sin(x))?  

..?..

..?..

x, sometimes.

If your symbolic calculator says that arcsin(sin(x)) is always x, it’s lying!

Likewise, if your graphing calculator says that the graph of arcsin(sin(x)) is just a straight line, it’s lying.  It’s a piecewise linear function whose graph looks like a sawtooth.

Mathematica gets this right:
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E.g., if x is in [(/2, 3(/2], arcsin(sin(x)) = ..?..

..?..

..?..

(–x.

(Check: Firstly, (–x is in the interval [–(/2, (/2], so it’s in the range of the arcsine function; secondly the sine of (–x equals sin(x), because sin((–x) = sin(() cos(x) – cos(() sin(x) = (0) cos(x) – (–1) sin(x) = sin x.)
Recall the graph of y = arcsin x:
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What is cos(arcsin(x)) (for –1(x(1)? ..?..

..?..

..?..

Put ( = arcsin x.  So we are asking, “If we know that sin ( = x, what is cos (?”  Since cos2( + sin2( = 1, we have

cos ( = (sqrt(1–sin2() = (sqrt(1–x2).  

Which sign is right? ..?..

..?..

..?..

Since the angle ( is between –(/2 and (/2, cos ( is non-negative, so cos ( = sqrt(1–x2).

It can be useful to draw a reference triangle to figure out this sort of thing.  [Demonstrate this!]
What is tan(arcsin(x))? ..?..

..?..
..?..
Put ( = arcsin x.  sin ( = x, cos ( = sqrt(1–x2), tan ( = 

(sin ()/(cos () = x/sqrt(1–x2).

Let’s differentiate y = arcsin x by applying implicit differentiation to x = sin y: we have 1 = (cos y) y(, so 

y( = 1 / cos y = 1 / cos(arcsin(x)) = 1 / sqrt(1–x2) for 

–1<x<1.
Or, if you prefer: 

     x = sin y 

( dx/dy = cos y 

( dx/dy = cos(arcsin(x)) = sqrt(1–x2) 

( dy/dx = 1/sqrt(1–x2).
The story of arccos = cos–1 is similar: 
The usual cosine function has domain (–(,+() and range [–1,+1], and is not one-to-one, but if we restrict the domain to the interval [0, π] we get a function with domain [0, π] and range [–1,+1] that satisfies the horizontal line test; this new function is invertible, and its inverse, denoted by arccos, has domain [–1,+1] and range [0, π].
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Compare: Both arcsin and arccos have domain [–1,+1], but arcsin has range [–π/2, π/2] while arccos has range [0, π].

Let’s find the derivative of arccos:

If y = cos–1 x, then ...

..?..
..?..
x = cos y, and ...

..?..
..?..
dx/dy = – sin y = (sqrt(1 – cos2 y) ? ...

..?..
..?..
Since 0 ( y ( π, we have sin y ( 0, so

dx/dy = – sin y = – sqrt(1 – cos2 y), so ...

..?..
..?..
dy/dx = –1 / sqrt(1–x2) for –1<x<1.

If f(x) = cos–1 x + sin–1 x , what is f ((x)? ..?..

..?..
..?..
(1 / sqrt(1–x2)) + (–1 / sqrt(1–x2)) = 0.

What does this mean about f(x)? ..?..

..?..
..?..
It’s constant.

What constant?  ..?..

..?..
..?..
Plug in x=0: f(0) = π/2 = f(x) for all x.

For values of x between 0 and 1, a really easy way to see that cos–1 x + sin–1 x = π/2 is to draw a right triangle with legs x and sqrt(1–x2) and hypotenuse 1; then cos–1 x and

sin–1 x are the two non-right angles of the triangle, so their sum must be π/2 (since the right angle is π/2 and the sum of all three angles of the triangle is π).
If we restrict y = tan x to the domain (–π/2,+ π/2), we get an invertible function with range (–(,().
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The inverse of this function, with domain (–(,() and range (–π/2,+π/2), is the arctangent function. 
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Now let’s differentiate y = arctan x.  
x = tan y = sin y / cos y. By the quotient rule, 

dx/dy = ((cos y)(cos y) – (sin y)(–sin y))/(cos y)2 =

(cos2 y + sin2 y)/(cos2 y) = (cos2 y)/(cos2 y)+(sin2 y)/(cos2 y) =1 + tan2 y = 1 + x2, so dy/dx = 1/(1+x2)  (valid for all x).
