[Finish 11.06.]

Prologue to section 3.7: Limits of ratios

How can we determine the limiting behavior of f(x)/g(x) in terms of the limiting behavior of f(x) and the limiting behavior of g(x)?

For simplicity, let’s assume f(x) and g(x) are positive for all x.  Also, we’ll look at the limiting behavior as x(( (though the story for limits of the form x(a, with a finite, is much the same).

We’ll distinguish between three kinds of functions: those that (like 1/x or 1/x2) go to 0+ as x((; those that go to some positive number a as x((, and those that (like sqrt(x) or ln x) go to +( as x((.  (There are function that exhibit none of these behaviors, like sin x, but we’ll ignore them for now.)

Here’s a chart showing what limx(( f(x)/g(x) could be, given limx(( f(x) and limx(( g(x); rows specify values of the former limit, and columns specify values of the latter. 
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The cases of “0+/0+” and “+(/+(” are indeterminate, in the sense that “more information is required”; we need a new technique to handle them.

[Collect section summaries, homework, time-sheets; hand out time-sheets.]

Section 3.7: L’Hospital’s Rule

Main ideas?

..?..

..?..

Sometimes we can compute lim f(t)/g(t) as lim f ((t)/g((t) (under certain hypotheses), when the former limit is indeterminate.

Theorem: Suppose limx(a f(x) = 0 and limx(a g(x) = 0.

Suppose furthermore that f and g are differentiable at a and

g((a) ( 0.  Then limx(a f(x)/g(x) = f ((a)/g((a).
Proof: Since f is differentiable at a, f is continuous at 0, so f(a) = limx(a f(x) = 0.  Likewise g(a) = 0.  So

limx(a f(x)/(x–a) = limx(a (f(x)–f(a))/(x–a) = f ((a) 

and

limx(a g(x)/(x–a) = limx(a (g(x)–g(a))/(x–a) = g((a) ( 0

so by the quotient rule for limits


limx(a f(x)/g(x) = limx(a [f(x)/(x–a)]/[g(x)/(x–a)]

= limx(a [f(x)/(x–a)] / limx(a [g(x)/(x–a)]

= f ((a) / g((a).

Intuition behind the method: Write

f(x) ( f(a) + (x–a) f ((a) and

g(x) ( g(a) + (x–a) g((a)

so that f(x)/g(x) ( [f(a) + (x–a) f ((a)]/[g(a) + (x–a) g((a)]

If f(a) and g(a) are non-zero, f(x)/g(x) approaches f(a)/g(a) as x goes to a; but if f(a) and g(a) are both zero, then f(x)/g(x) approaches limx(a [(x–a) f ((a)]/[(x–a) g((a)] = 

f ((a)/g((a) as x goes to a, at least if g((a) is non-zero and various other conditions are satisfied.

What happens when we try to apply the method to compute limx(0 (cos x  –  1)/(x2)? …

..?..

..?..

With f(x) = cos x – 1 and g(x) = x2 and a = 0, we get f ((a) = g((a) = 0, so the method doesn’t work.

However, even though f ((a)/g((a) is undefined in this case, it turns out that limx(a  f ((x)/g((x) is defined, and is equal to the limit limx(a  f (x)/g(x) that we seek!

It turns out that the right tool for problems of this kind is not the Theorem given above, but a more flexible variant, in which the requirement g((a) ( 0 is replaced by the looser requirement that g((x) ( 0 near a except possibly at a itself.

L’Hospital’s Rule (the “0/0 case”):

Suppose limx(a f(x) = 0 and limx(a g(x) = 0.

Suppose furthermore that f and g are differentiable and

g((x) ( 0 near a except possibly at a itself.

Then limx(a f(x)/g(x) = limx(a f ((x)/g((x).

A limit of the form limx(a f(x)/g(x) with f(x), g(x) ( 0 as

x ( a is called an “indeterminate expression of type 0/0” .

Before we apply L’Hospital’s Rule, we should always check to make sure we are applying it to an indeterminate expression.

Example: Compute L = limx(0 (cos x – 1)/(x2).

limx(0 cos x – 1 = 0 and limx(0 x2 = 0 (so L is of type 0/0)

L = limx(0 (–sin x)/(2x)  (apply L’Hospital’s Rule; but it’s 

still indeterminate of type 0/0)

   = limx(0 (–cos x)/(2) (apply L’Hospital’s Rule again)

   = –1/2 (by direct substitution).

Please do NOT write 

L = limx(0 (cos x – 1) / limx(0 x2 = 0/0

or


L = (cos 0 – 1)/ 02 = 0/0

or anything like that on homeworks or exams; there’s no such number as 0/0, so you can’t say something else is equal to it.

Furthermore, the preceding formulas seem to be saying that L is undefined (because it equals 0/0, which is undefined), but that’s not the case: just because the expression defining L is called a “limit of indeterminate type” doesn’t mean that L is undefined!

An old problem we can now revisit: limx(0 (tan x  –  x) / x3 = 1/3.  (See Stewart, pp. 193 and 194.)

Problem: limt(0 (5t – 3t) / t 

(yes, it’s of type 0/0) equals

limt(0 (et ln 5 – et ln 3) / t =

limt(0 ((ln 5) et ln 5 – (ln 3) et ln 3) / 1 =

limt(0 ((ln 5) 5t – (ln 3) 3t) / 1 =

ln 5 – ln 3 = ln 5/3

Problem 13: limx(0 (ex – 1 – x) / x2 

(yes, it’s of type 0/0) equals

limx(0 (ex – 1) / 2x
(yes, this is also of type 0/0) equals

limx(0 ex / 2 = 1/2.

Caveat: What’s wrong with the following?

limx(0 x/(1+x) = limx(0 (1)/(1) = 1

..?..

..?..

The numerator and denominator do not both go to 0 as x(0.

In fact, the limit law for quotients gives limx(0 x/(1+x) = limx(0 (x) / limx(0 (1+x) = 0 / 1 = 0 (not 1!).

Recall the formal statement of L’Hospital’s Rule:

Suppose limx(a f(x) = 0 and limx(a g(x) = 0.

Suppose furthermore that f and g are differentiable and

g((x) ( 0 near a except possibly at a itself.

Then limx(a f(x)/g(x) = limx(a f ((x)/g((x).

The stipulation “g((x) ( 0 near a except possibly at a itself” turns out to be necessary.  There are crazy examples where g((a) ( 0, with g((x) oscillating wildly between positive and negative values in the vicinity of x=a, such that the limits limx(a f(x)/g(x) and limx(a f ((x)/g((x) are “unequal” (in the sense that one exists and the other doesn’t).  For instance, take f(x) = x sin(1/x4) exp(–1/x2) and g(x) = exp(–1/x2).  Here is what f(x)/g(x) and f ((x)/g((x) look like for x between 0 and 0.1:
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The former approaches the limit 0 as x goes to 0, but the latter approaches no limit at all!

So far we’ve looked at indeterminate expressions of type 0/0, i.e., limits of the form limx(a f(x)/g(x) with f(x), g(x) ( 0 as x ( a.
Another type of indeterminate expression is typified by

limx(( x/(1+x).  This is an “indeterminate expression of type (/(” .

L’Hospital’s Rule still applies in the exact same form (although for different reasons): Take the derivative of the top and bottom.  In the case of x/(1+x), we get

limx(( x/(1+x) = limx(( ((d/dx) x)/((d/dx) (1+x))

= limx(( 1/1 = 1.

Another kind of indeterminate expression is 0 ( (.  The way we deal with it is by converting it into an indeterminate expression of type 0/0 or type (/(.

Problem: limx(0+ sqrt(x) ln x = limx(0+ x1/2 ln x =

limx(0+ ln x  / x –1/2 = limx(0+ (1/x)  / ((–1/2) x–3/2) =

limx(0+ (x–1)  / ((–1/2) x–3/2) = limx(0+ –2 x1/2 = 0.

Yet another kind is 00.  We deal with it by taking the log.

Example: limx(0+ xsqrt(x) 

= limx(0+ exp(ln(xsqrt(x))) 

= exp(limx(0+ ln(xsqrt(x)))   (because exp() is continuous)

= exp(limx(0+ sqrt(x) ln x) 

= exp(0) (see previous example) 

= 1.

Another kind is ( – (.

Problem 31: limx(( (x – ln x) = 

limx(( (ln ex – ln x) =

limx(( ln (ex / x);

now limx(( ex / x = limx(( ex / 1 (by L’Hospital’s Rule)


= +(
so limx(( ln (ex / x) = +( as well.

Problem: limx(( (xe1/x – x) =

limx(( x(e1/x – 1) =

limx(( (e1/x – 1)/(1/x) =

limx(( ((–1/x2) e1/x)/(–1/x2) =

limx(( e1/x = e0 = 1.

Note that a limit of the form limx(a f(x)/g(x) (with a finite) can be of determinate type, or of indeterminate type 0/0, or of indeterminate type (/(.  Likewise, a limit of the form limx(( f(x)/g(x) can be of determinate type, or of indeterminate type 0/0, or of indeterminate type (/(.  Fortunately, L’Hospital’s Rule says that all the indeterminate cases should be treated in a uniform way: replace f(x)/g(x) by f ((x)/g((x).  But: Before you do this, make sure that the expression f(x)/g(x) really is indeterminate!

[Discuss the last true-false quiz question for Chapter 3.]

