Remind me to stop at 11:45 to return HW!
Section 4.7: Antiderivatives

Definition: A function F is called an antiderivative of f on the set S if F((x) = f(x) for all x in S (except possibly at endpoints of S).

If S isn’t specified, it’s assumed to be the domain of f.

Note that Stewart’s definition of antiderivatives on page 247 doesn’t include the exemption for endpoints, but it’s clear that he wants it (as we’ll see when we get to page 302).

Example: 

On the set R, an antiderivative of 3x2 is …

..?..

..?..

x3.

Does 3x2 have any other antiderivatives on R? …

..?..

..?..

x3 + 1 or x3 + 3, or x3 – 2, or …

..?..

..?..

x3 + C for an arbitrary constant C.

These are the only antiderivatives of 3x2 on R.  Why? …

..?..

..?..

If F((x) = 3x2 for all x, 

then (d/dx) (F(x) – x3) = F((x) – 3x2  = 0 for all x,

so F(x) – x3 is constant.

Here we are making use of section 4.2, Theorem 5: If a function has derivative 0 throughout an interval, it must be constant on that interval.

Theorem: If the domain of f is (or includes) an open interval I = (a,b), and F1 and F2 are both antiderivatives of f on I, then F1 and F2 differ by a constant on (a,b).

Proof: If (F1)( = f = (F2)(  on (a,b), then 

(F1 – F2)( = F1(– F2( = f – f = 0 

on (a,b).  This implies (by section 4.2, Theorem 5) that the difference F1 – F2 is constant on (a,b), as claimed.  

This is true for closed intervals too, and half-open, half-closed intervals, and infinite or semi-infinite intervals,

like [a,b], [a,b), (a,b], (a,(), [a,(), (–(,b), (–(,b], and even (–(,() = R itself:

Theorem 1: If F is an antiderivative of f on an interval I, then the most general antiderivative of f on I is


F(x)+C
where C is an arbitrary constant.

Part of the art of antidifferentiating is having a good memory:

[Make table:]

What is an antiderivative of f(x) = cos x?  …

..?..

..?..

sin x.

What is an antiderivative of f(x) = ex? …

..?..

..?..

ex.

Part of it is pattern-matching, and recognizing an instance of the sum rule or product rule or chain rule:

What is an antiderivative of f(x) = cos x + ex? …

..?..

..?..

F(x) = sin x + ex.

What is an antiderivative of f(x) = (sin x) ex + (cos x) ex? …

..?..

..?..

Hint: Use the product rule in reverse.

F(x) = (sin x) (ex).

What about f(x) = (sin x) ex – (cos x) ex?

..?..

..?..

F(x) = – (cos x) (ex)

What is an antiderivative of f(x) = (cos (ex)) ex?

..?..

..?..

F(x) = sin(ex).
Sometimes finding antiderivatives is trickier:

An antiderivative of f(x) = (sin x) (ex) is

..?..

..?..

(1/2) (sin x) (ex) – (1/2) (cos x) (ex).

