[Collect homework; hand out solutions to practice exam]

[Finish true-false quiz for chapter 4]

Questions about the practice exam or anything else?

Some subtle pitfalls to avoid

Here are some things I won’t ask you on the exam, but which should serve the purpose of reminding you of the importance of not jumping to conclusions.

“Suppose f(x) is a differentiable function.  If f ((0) > 0, can we conclude that f  is an increasing function on some sufficiently small interval surrounding 0?” ...

..?..

..?..

No; e.g., consider

f(x)    =
{x + 2x2 sin 1/x


for x ( 0



{0





for x = 0.

Its derivative is

f ((x)  =
{1 + 4x sin 1/x – 2 cos 1/x
for x ( 0



{1





for x = 0

which oscillates between positive and negative values infinitely often as x approaches 0.  Thus f  is not increasing on any open interval that contains 0. See the first part of 

http://faculty.uml.edu/jpropp/141/FunctionsBehavingBadly.nb .

“Suppose f(x) is a differentiable function.  If f  has a local minimum at 0, must there be an interval surrounding 0 so that, for x within that interval, f ((x) is less than or equal to zero for x < 0 and greater than or equal to zero for x > 0?” …

..?..

..?..

No; e.g., consider

f(x)    =
{x4 (2 + sin 1/x)


for x ( 0



{0





for x = 0.

It has a local minimum at x=0, and f ((0) = 0.  However, the formula

f ((x)    =
{4x3 (2 + sin 1/x) – x2 cos 1/x

for x ( 0



{0






for x = 0

shows that f ((x) assumes both positive and negative values in every neighborhood of 0. See the second part of

http://faculty.uml.edu/jpropp/141/FunctionsBehavingBadly.nb .

“A continuous function can be non-differentiable at a single point, like |x|, or even at infinitely many points, like |sin x|, but it can’t be non-differentiable everywhere.”

..?..

..?..

No.  Bernhard Bolzano came up with a function that is continuous everywhere but differentiable nowhere; see http://demonstrations.wolfram.com/BolzanosFunction/
A request

In addition to expressing your views of a course through course evaluation forms, it can also be good to publicize your opinion through sites like http://blog.ratemyprofessors.com/ that other students will get to read; this can help guide students to the courses that are right for them.

Also, if you have a teacher you especially like, consider nominating him/her for an award through his/her department.

Some words about the exam

The exam will focus on chapters 3 and 4.

As soon as everybody’s here, we’ll start the exam.

[Read aloud the cover sheet from the midterm:]

This is a closed book, closed notebook exam.  You may not use a calculator or cellphone.  In your solutions you may appeal to any facts that are stated in the text or were discussed in class, unless otherwise instructed.  You may use a five-page cheat-sheet, as discussed in class, as well as the section-summary notes you handed in at lectures.

Read all questions carefully.  If any questions are unclear, request clarification!  You will not be given partial credit on the basis of having misunderstood a question.

You must show your work to get full credit.

If you get an answer that doesn’t make sense but don't have time to trace down your error, don’t just cross out your answer; explain why you think the answer you got looks wrong, and you may get some extra points for showing insight.

If you write on the back of a page, please write “continued on other side” at the bottom of the front of the page.

Sample theoretical problem for exam: “Let f(x) be some function defined for all real numbers x.  If f  is differentiable everywhere and f  is odd and f(1) = 1, prove that there exists x in (–1, 1) with f ((x) = 1.”

(If this came up on an exam and you weren’t sure whether (–1,1) meant a point in the Cartesian plane or an interval in the line R, you should feel free to raise your hand and ask me to clarify!)

[Let students work on this for five minutes on their own.]

Discuss student solutions.

“Since f  is odd, f(–x) = –f(x) for all x; in particular, 

f(–1) = –f(1) = –1.

Since f is differentiable, the Mean Value Theorem applies to the function f on the interval (–1,1), so there must exist c in (–1,1) with

f ((c) = [f(1) – f(–1)]/[(1) – (–1)] = 2/2 = 1 as desired.”

Note that all assumptions got used.

For full credit, all assumptions in the problem should be cited EXPLICITLY.

Likewise, all theorems from the text that get used in a problem in a non-trivial way should be cited explicitly (but you don’t need to state them in full generality; e.g., you don’t need to write down the (correct) statement of the Mean Value Theorem as long as you use it correctly, but it couldn’t hurt).

(A different solution goes as follows: f(0) = f(–0) = –f(0) (since f is odd), which implies f(0) = 0; so one can apply the Mean Value Theorem to f on the interval (0,1)).)

[Omit if time is short]

Here’s another theoretical problem: “Given that f  is differentiable with f(a) > 0, what is the limit of (f(a+h)/f(a))1/h as h(0?”

“This is an indeterminate form of type 1(.  The natural log of the limit is 

limh(0 ln (f(a+h)/f(a))1/h 

= limh(0 (1/h) [ln (f(a+h)/f(a))]

= limh(0 [ln f(a+h) – ln f(a)]/h.

If we write g(x) = ln f(x), then this limit is just the definition of the derivative g((x) at x=a, so the value of the limit is g((a) = f ((a)/f(a) (by the Chain Rule), and the value of the original limit is exp(f ((a)/f(a)).

Recognize f ((a) / f(a) ?

..?..

It’s the logarithmic derivative of f  at x=a.

Alternate (inferior) way to finish the proof: The natural log of the limit is limh(0 [ln f(a+h) – ln f(a)]/h.  Direct substitution gives an indeterminate of type 0/0, so (using the fact that f  is differentiable at x=a) we may apply L’Hospital’s Rule and differentiate with respect to h to rewrite the limit as


limh(0 [f ((a+h) / f(a+h) – 0] / 1

= limh(0 f ((a+h) / f(a+h)

= limh(0 f ((a+h) / limh(0 f(a+h)

= f ((a) / f(a)

so the original limit equals exp(f ((a) / f(a) ).

What’s wrong with the second proof? 

..?..

..?..

It assumes that f ( is continuous at x=a!

All we’re told is that f ( exists; we weren’t told that it’s continuous.

The first solution is completely rigorous (and would get you 20 points), and the second one makes the additional assumption that f ((a) is continuous.

If you make the assumption without comment, you’d get 18 points out of 20.

But: If you acknowledge the assumption, and indicate that you’re aware that you didn’t solve the original problem as stated, you’d get the full 20 points, because this would show that you understood that derivatives are not automatically continuous – the kind of subtlety that separates ordinary Calculus from Honors Calculus.

I’ll post the solution to the final homework assignment on the web this afternoon; you should look them over to make sure you understand the last half of chapter 4.

Good luck Monday, and get lots of sleep on Sunday!

