Any problems accessing the web page?

Any problems getting access to the textbook?

Did everyone receive the email I sent yesterday?

Who’s viewed the video?

Questions about how the course is structured?

Please tell me when it’s 11:45 so I don’t forget to return exams to the students who were in 141.

Any mistakes on the web-site?  In the slide-show?
[Collect section-summaries.]

Main ideas of Appendix B?

..?..

..?..

Summation notation.

Proof by induction.

“Anti-telescoping” (we won’t cover this).
Recall from last time:

The Constant Sequence Principle: If all the differences 

a2 – a1, a3 – a2, a4 – a3, … are 0, then the sequence a1, a2, a3, … is constant (i.e., all the terms are the same).
Last time we used the Constant Sequence Principle to prove 
(1 + 2 + 3 + … + n) = n(n+1)/2.
An algebraically cleaner way to prove this formula is to first derive the following corollary of the Constant Sequence Property:

Theorem: If two sequences a1, a2, a3, … and b1, b2, b3, … have the same difference-sequence, then they differ by a constant.

Proof: If an – an–1 = bn – bn–1 for all n, then we have an – bn = an–1 – bn–1 for all n, which (by the Constant Sequence Property) implies that the sequence a1 – b1, a2 – b2, a3 – b3, … is constant. (
(This theorem should remind you of the fact that …

..?..

..?..

if two functions have the same derivative, they differ by a constant.)

Now let an = 1 + 2 + … + n and bn = n(n+1)/2.

We have an – an–1 = n and bn – bn–1 = n(n+1)/2 – (n–1)n/2 = n, so the two sequences have the same differences, so the two sequences differ by a constant: an = bn + C for some constant C.

To determine C, plug in some value of n, like n=1, and solve.

Let’s apply this method to Example 5 from Appendix B.

We want to prove that 12 + 22 + … + n2 = n(n+1)(2n+1)/6.

Let an = 12 + 22 + … + n2 and bn = n(n+1)(2n+1)/6.

We have an – an–1 = …

..?.. [have the students work in pairs]
..?..

(12 + 22 + … + (n–1)2 + n2) – (12 + 22 + … + (n–1)2) = …
..?..

n2 and bn – bn–1 = … 

..?.. [have the students work in pairs]
..?..

n(n+1)(2n+1)/6 – (n–1)n(2n–1)/6 = …

(n/6)((n+1)(2n+1) – (n–1)(2n–1)) = …

(n/6)((2n2+3n+1) – (2n2–3n+1)) = …

(n/6)(6n) = n2.

So an – an–1 = bn – bn–1 for all n.

Since the sequences a1, a2, a3, … and b1, b2, b3, … have the same difference-sequence, they differ by a constant: that is, an = bn + C for some C that doesn’t depend on n.

Is this what we set out to prove? …

..?..

..?..

We wanted to show that an = bn.  So we need to show that C = 0.

How can we do this? …

..?..

..?..

Plug in a particular value of n, and compute C = an – bn.

What’s a good value to use? …

..?..

..?..

n = 1: an = 1, bn = (1)(2)(3)/6 = 1, C = 1 – 1 = 0. (
The formula we just proved can be written

(k=1k=n k2 = n(n+1)(2n+1)/6, 
where the left hand side (usually abbreviated as (k=1n k2) is pronounced “the sum of k2 as k goes from 1 to n”.
(Sorry my version of Word doesn’t do a better job with equations!)

An alternative way to prove summation formulas is to use mathematical induction, as described in Appendix B.

[Walk the students through the proof in Stewart.]

How many of you prefer mathematical induction to the method I’ve shown you?

..?..

..?..

How many of you prefer the sequence-difference method?

..?..

..?..

My way is somewhat non-standard, so if you plan to pursue higher mathematics, you’ll want to learn mathematical induction.

These methods aren’t useful for just proving equations; they’re also useful for proving inequalities.

Increasing Sequence Principle: If an – an–1 ≥ 0 for all n ≥ 1, then am ≤ an whenever m ≤ n (with m, n ≥ 1).

(This should remind you of …

..?..

..?..

the Increasing Function Principle, aka the increasing/decreasing test.)

Theorem: (k=1k=n k4 > n5/5 for all n ≥ 1.
Proof: Let an = ((k=1k=n k4) – (n5/5).

Our goal is to show that an > 0 for all n ≥ 1.

It’s easy to check that a1 > 0, so to show that an > 0 for all n ≥ 1, it is enough to show that an – an–1​​ ≥ 0 for all n ≥ 2 (since that will imply that an ≥ a1​​ whenever n ≥ 1).
Now an – an–1 = n4 – ((n5/5) – (n–1)5/5).
Letting x = n and y = n–1, we have 

x5 – y5 = (x – y)(x4 + x3y + x2y2 + xy3 + y4) 

           = (1)(x4 + x3y + x2y2 + xy3 + y4)

   ≤ (1)(x4 + x3x + x2x2 + xx3 + x4)

     = 5n4, so

an – an–1 = n4 – (x5 – y5)/5
      ≥ n4 – (5n4)/5

      = 0,

as claimed. ( 
On the homework, you’ll prove a similar result showing that (k=1k=n k4 < (n+1)5/5.
We say that n5/5 is a lower bound for (k=1k=n k4 and that (n+1)5/5 is an upper bound for (k=1k=n k4.
[Return final exams to 92.141 students.]
For Friday, read section 5.1.  (In general, you can find the reading assignment for each day posted on the course web-site: http://jamespropp.org/142/Reading.html.  I’ll try to keep it up-to-date, but if you think I’ve made a mistake please let me know.)

