[Pay Cameron $1.]

We can estimate the area A of a region by approximating the region by a union of rectangles, so that A is approximately the sum of the areas of the rectangles.

We can (exactly) compute the area by letting all the rectangles get skinnier and skinnier, and seeing what the estimate approaches.

Example: A = the area bounded by the parabola y=x2 and the x-axis, between x=0 and x=1.

We can approximate the region by a union of 10 rectangles, each of width 1/10.

The ith rectangle goes from x=(i–1)/10 to x=i/10 (with i going from 1 to 10). 

To get an overestimate, give the ith rectangle height (i/10)2: A < R10 = (i=110 (1/10)(i/10)2 = .385 [see left panel of Figure 8 on page 260]; we say .385 is an upper estimate or upper bound for A.

To get an underestimate, give the ith rectangle height 

((i–1)/10)2: A > L10 = (i=110  (1/10)((i–1)/10)2 = .285 [see left panel of Figure 9 on page 260]; we say .285 is a lower estimate or lower bound for A.

It’s no coincidence that the upper bound and lower bound for A differ by exactly 0.1, as we can see by looking at the differences between the areas of the respective rectangles and restacking these “difference-rectangles” [draw picture].  

So if instead of dividing the interval [0,1] into ten subintervals, we divide [0,1] into a hundred subintervals, we’ll get upper and lower bounds on the area A that differ by …

..?.. 

..?..

0.01 (or 1/100)

More generally, if we use n rectangles, we’ll get upper and lower bounds on A that differ by exactly 1/n.

So we can estimate A as closely as we like, using upper bounds Rn or lower bounds Ln.

But we can do better, and calculate A by computing a limit (just as we calculate the derivative as a limit of difference quotients):

A = limn(( Rn = limn(( Ln.

On page 259, Stewart shows that

Rn = (1/n3)(12+22+32+...+n2).

Then he pulls out of his hat a handy formula for the sum:

(*)
12+22+32+...+n2 = n(n+1)(2n+1)/6.

(We’ve seen three ways to prove this: “anti-telescoping”, mathematical induction, and the Constant Sequence Principle.)

Using (*) we get


Rn = (1/n3) n(n+1)(2n+1)/6


     = (1)(1+1/n)(2+1/n)/6

which clearly goes to (1)(1+0)(2+0)/6 = 2/6 = 1/3 as n(( (replace n by 1/x and send x(0+).

So Rn goes to 1/3 as n goes to infinity.

Likewise Ln goes to 1/3 as n goes to infinity (you’ll prove this on the homework).

So A = limn(( Rn = limn(( Ln = 1/3.

On page 263, Stewart estimates the area under the curve

y = e–x between x = 0 and x = 2 using n subintervals of width 2/n.  He takes xi* = xi = 2i/n obtaining an estimate 

Rn =  (2/n) (e–2/n + e–4/n + e–6/n + ... + e–2n/n).

If instead we take xi* = xi–1 = 2(i–1)/n we get an estimate

Ln = (2/n) (e–0/n + e–2/n + e–4/n + ... + e–2(n–1)/n).

(Note that this time Rn is an underestimate / lower bound and Ln is an overestimate / upper bound, because the function e–x is decreasing, whereas the function x2 is increasing.)

Since the exponents are in arithmetic progression, the terms being summed are in geometric progression, so we can write down the sum explicitly, using the high school formula a + ar + ar2 + … + arn–2 + arn–1 = a(1–rn)/(1–r) (which one of the homework problems asks you to prove):

Ln = (2/n) (e–0/n + e–2/n + e–4/n + ... + e–2(n–1)/n)

     = (2/n) (1 – e–2n/n)/(1 – e–2/n) 

     = (2/n) (1–e–2)/(1–e–2/n).

In the homework, I’ll ask you to compute the limit of Ln
as n goes to infinity.

More generally:

If f  is some positive, continuous function on the interval [a,b], we estimate the area under the curve y=f(x) between x=a and x=b by the sum


Rn = f(x1) (x + f(x2) (x + ... + f(xn) (x
where (x = (b–a)/n and

x0 = a, x1 = a+(x, x2 = a+2(x, ..., xn = a+n(x = b. 

[Draw picture.]

If the function f  is increasing on [a,b], then Rn is an overestimate; if the function f  is decreasing on [a,b], then Rn is an underestimate.

If all we know is that f  is continuous on [a,b], then we can’t tell if Rn is less than A or greater than A (or equal to A), but we can say that Rn approaches A in the limit as n((.

Stewart uses this as a definition of area on page 262.

[Omit this paragraph in 2014:]

What if we used Ln = f(x0) (x + f(x1) (x + ... + f(xn–1) (x 

instead to estimate A? …

..?..

..?..

The difference between 


Rn = f(x1) (x + f(x2) (x + ... + f(xn) (x
and


Ln = f(x0) (x + f(x1) (x + ... + f(xn–1) (x 

is …

..?..

..?..

f(xn) (x – f(x0) (x = f(b) (x – f(a) (x = (f(b) – f(a)) (x

= (f(b) – f(a)) (b – a) / n. 
That is, Rn – Ln = (f(b) – f(a)) (b – a) / n, which goes to 0 as n gets large.  So if Rn (  A as n goes to infinity, so does Ln.
The end of section 5.1 discusses a seemingly unrelated problem: computing the distance a particle travels, given information about its velocity.

Assume for simplicity that the particle travels in a line and never changes direction, so we can ignore the difference between speed and velocity.

We can estimate the distance that the particle travels from time t=a to time t=b by approximating the distance that the particle travels from time ti–1 to time ti, where (t = (b–a)/n and ti=a+i(t, and then adding, to get the sum

f(t1*) (t + f(t2*) (t + ... + f(tn*) (t ,

where each sample point ti* could be ti–1 , ti, or any point in between.

This is just like the sums (Riemann sums, as we’ll learn to call them in section 5.2) that turned up when we were estimating the area under the curve y = f(x).

Sending n to infinity and (t to 0, we see that the distance travelled by a particle from time a to time b whose velocity at time t is given by some function f(t) > 0 is equal to the area bounded by the curve y = f(t) and the line y = 0 between t = a and t = b.

So computing areas isn’t just about computing areas; it lets us solve problems about motion too!  (Which is in fact what led Newton to invent the calculus in the first place.)

[Read top of page 266 and then ask:]

“How can an area be equal to a distance?  Don’t they have different units?”

..?..

If you plot velocity as a function of time, then the horizontal axis has units of time and the vertical axis has units of velocity; e.g., the horizontal axis has units of seconds and the vertical axis has units of feet per second.  So then a rectangle has “area” in units of sec ( ft/sec = ft.

This kind of reasoning is called “dimensional analysis” and can often help you catch errors.

E.g., if L is a length, you’ll never see a problem in which the answer is L + L2; this is “dimensionally inconsistent”.

You can multiply or divide quantities that are expressed in different units, but you can never add or subtract them!

Questions on section 5.1?
