Next reading assignment: Read 5.3 for Thursday.

[Remember to collect students’ notes on section 5.2 at 11:45.]
Transition to section 5.2:

Let f(x) = x2.

Recall that the area A of the region bounded by y = f(x) and y = 0 between x = 0 and x = 1 is 1/3.

We estimated A by using n equal-width rectangles with bases [0, 1/n], [1/n, 2/n], …, [(n–1)/n, 1] on the x-axis;

the ith rectangle (1 ≤ i ≤ n) had base [(i–1)/n, i/n].

Write [(i–1)/n, i/n] as [xi–1, xi].

For Ln, we gave the ith rectangle height f(xi–1); 

for Rn, we gave the ith rectangle height f(xi);

in both cases, all rectangles have width (x = 1/n.

More generally, if we have a (non-negative) function f(x) on an interval [a, b], we could take 

x0 = a, x1 = a + (x, x2 = a + 2 (x, etc., with (x = (b–a)/n, 

so that xn = a + n (x = a + (b–a) = b; we can estimate the area under y = f(x) on [a, b] as the sum of the areas of n rectangles, where the ith rectangle has width (x and height f(xi*), where xi* is anything in [xi–1, xi].
That is, we could take arbitrary sample points xi* in the intervals [xi–1, xi], and the sum

f(x1*) (x + f(x2*) (x + ... + f(xn*) (x
will still get closer and closer to the true area A as we send n to infinity and (x to 0. [Draw picture.]

[Show TEC animations for sections 5.1 and 5.2.]

Even more generally, we could use rectangles of different widths, and approximate the area by the sum


f(x1*) (x1 + f(x2*) (x2 + ... + f(xn*) (xn
where (x1 = x1 – x0, (x2 = x2 – x1, ..., and (xn = xn – xn–1, with a = x0 < x1 < x2 < ... < xn = b, and where the sample points xi* belong to the respective intervals [xi–1, xi].

[Draw picture.]  

This kind of sum is called a Riemann sum.  The set of intervals [x0, x1], [x1, x2], [x2, x3], ..., [xn–1, xn] is called a partition of the interval [a, b] = [x0, xn], and the quantity max1(i(n (xi = max({(xi : 1 ( i ( n}) is called the mesh of the partition (or the mesh of the Riemann sum).

This level of generality is what Stewart uses in his definition of definite integrals on page 270.

Why the extra layer of notation and generality?

1. It’s sometimes convenient to have intervals of different widths.  In an upcoming assignment, you’ll compute the area under the curve y = 1/x between x=1 and x=2 using the partition 1 < 21/n < 22/n < 23/n < … < 2(n–1)/n < 2.  If you used the partition 1 < (n+1)/n < (n+2)/n < … < (2n–1)/n < 2 with equal-width subintervals you’d end up with a hairy sum that can’t be simplified.

2. Some functions are fairly flat in some parts of their domain and oscillate wildly in other parts of their domains.  If for instance you want to estimate the area under the curve f(x) = (sin 1/x)2 between x = –1 and x = 1, you’ll want lots of skinny rectangles near the middle, with more sample points determining their height.  (This is called importance sampling: you should sample a function more where the function exhibits more variation.)

[image: image1.emf]
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(This graphic, like most of the graphics you’ll see in these notes, was created using Mathematica.  For a quickie intro to what Mathematica can do, check out the web-page 

http://url.wolfram.com/1lNYlII/)

3. A looser definition of what constitutes a Riemann sum (allowing rectangles to have different widths) makes it easier to prove certain theorems (such as property 5 of section 5.2).

Common choices for the sample points xi* are the left endpoint, the right endpoint, or the midpoint of the interval [xi–1, xi].

Suppose f(x) is continuous and non-negative on [a, b].  Then as long as n is large, the Riemann sum


f(x1*) (x1 + f(x2*) (x2 + ... + f(xn*) (xn
will be close to the true area under the curve.  Right?

..?..

Suppose f(x) = x2 on [0, 1].  Then as long as n is large, the Riemann sum


f(x1*) (x1 + f(x2*) (x2 + ... + f(xn*) (xn
will be close to the true area under the curve.  Right?

..?..

Wrong?

..?..

What if we try to estimate the area under the curve y = x2 between x=0 and x=1 using the partition

0 < 1/2n < 1/2n–1 < 1/2n–2 < … < 1/8 < 1/4 < 1/2 < 1,

with n sample points xi* = xi for all i?

..?..

[Draw picture.]

The Riemann sum we get is a gross overestimate; it does not get approach 1/3 as n gets bigger and bigger.

So if making n bigger and bigger doesn’t automatically make the Riemann sum close to the true area A, what condition will force the Riemann sum to be close to A?

..?..

Making sure that ALL (not just some!) of the subintervals [xi–1, xi] are narrow.

I.e., making sure that the widest of the subintervals is narrow.

I.e., making sure that the mesh of the partition is small.

(Recall that the mesh is defined as max1(i(n (xi .)

Claim: Let f(x) = x2, and let [x0,x1],[x1,x2],[x2,x3],...,[xn–1,xn] be any partition of the interval [0,1] such that the mesh max1(i(n (xi is smaller than ( > 0, and let x1*, x2*, ..., xn* be any selection of sample points from these n respective intervals, with xi–1(xi*(xi .  Then the Riemann sum

(*)

S = f(x1*) (x1 + f(x2*) (x2 + ... + f(xn*) (xn
differs from A = 1/3 by less than (.

Proof: Next time.
The first person who mentions this sentence to me (by email) gets $1.  Be sure to mention the date 1/28/13.
