Section 5.2 (concluded)

Property 2(: If f  and g are integrable on [a,b], then f+g is too, and (ab (f+g)(x) dx = (ab f(x) dx + (ab g(x) dx.

Proof: Let I = (ab f(x) dx and J = (ab g(x) dx.

Suppose Adam picks ( > 0.  Since f  is integrable on [a,b] with definite integral I, there exists (1 > 0 such that every Riemann sum for f  with mesh < (1 has value that differs from I by less than (, and since g is integrable on [a,b] with definite integral J, there exists (2 > 0 such that every Riemann sum for g with mesh < (2 has value that differs from J by less than (.  A winning move for Eve, if Adam has picked (, is to take ( = …

The first person who mentions this sentence to me (by email) gets $1.  Be sure to mention the date 2/04/11.

..?..

..?..

min((1, (2), so that (((1 and (((2.  For then any Riemann sum for f+g of mesh less than (, say 

(f+g)(x1*) (x1 + (f+g)(x2*) (x2 + ... + (f+g)(xn*) (xn ,

can be written as the sum of two Riemann sums, one of which is has mesh less than (1 and value

f(x1*) (x1 + f(x2*) (x2 + ... + f(xn*) (xn
(which differs from I by less than (), and the other of which has mesh less than (2 and value

g(x1*) (x1 + g(x2*) (x2 + ... + g(xn*) (xn
(which differs from J by less than (), so that the sum of the two Riemann sums is guaranteed to differ from I+J by less than ( + ( = … 2(. 

Um, we wanted to get ( here.  How can we fix this?
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Replace ( by (/2 in the definition of (1 and (2.

Then the final step of the proof works: the sum of the two Riemann sums is guaranteed to differ from I+J by less than (/2 + (/2 = (.  (
Property 3(: For any constant c, if f  is integrable on [a,b], then cf is too, and (ab cf(x) dx = c(ab f(x) dx.

Property 4(: If f  and g are integrable on [a,b], then f–g is too, and (ab (f–g)(x) dx = (ab f(x) dx – (ab g(x) dx.

Property 5(: If f  is integrable on [a,b] and on [b,c], then f  is integrable on [a,c], and (ac f(x) dx = (ab f(x) dx + (bc f(x) dx.

(We won’t prove this, but check out pages A33 and A34 in Appendix D if you’re curious.)

Property 5 is often handy when the integrand behaves differently on different parts of the interval of integration.

E.g., (–11 |x| dx = (–10 |x| dx  +   (01 |x| dx 

= (–10 –x dx  +   (01 x dx.

If our integrand were |x2 – 1| from –2 to 2, we’d split up the integration interval into what pieces? …
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(–22 |x2 – 1| dx 

= (–2–1 |x2 – 1| dx + (–11 |x2 – 1| dx + (12 |x2 – 1| dx
= (–2–1 (x2 – 1) dx + (–11 (1 – x2) dx + (12 (x2 – 1) dx
Note that the formula in Property 5 is true even if we don’t have a < b < c, as long as f is integrable on all the relevant intervals.  E.g., (aa f(x) dx = (ab f(x) dx + (ba f(x) dx (why?).

Also, it can be shown that if f is integrable on [a,b], f is integrable on any subinterval [a(,b(] (with a ( a( < b( ( b).

Comparison Properties of the Riemann Integral:

Assume a < b.  We assume f and g are integrable on [a,b].

Property 6: If f(x)≥0 for all x in [a,b], then (ab f(x) dx ≥ 0.

Proof: Every Riemann sum (i=1n  f(xi*) (xi is non-negative since each term is non-negative.

Property 7: If f(x)≥g(x) for all x in [a,b], then 

(ab f(x) dx ≥ (ab g(x) dx.

Proof: Apply Property 6 to the function …
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f – g, and use Property 4:

Since f(x) ≥ g(x) for all x in [a,b], f(x)–g(x) ≥ 0 for all x in [a,b], so (ab (f(x)–g(x)) dx ≥ 0; so using Property 4, we get (ab f(x) dx – (ab g(x) dx ≥ 0, so (ab f(x) dx ≥ (ab g(x) dx .

Property 8: If m ( f(x) ( M for all x in [a,b], and f  is integrable on [a,b], then m(b–a) ( (ab f(x) dx ( M(b–a).

Proof: Since m ( f(x) ( M, Property 7 gives

(ab m dx ( (ab f(x) dx ( (ab M dx, and we can use Property 1 to evaluate the first and third integrals, obtaining 

m(b–a) ( (ab f(x) dx ( M(b–a).

Section 5.3: The Evaluation Theorem

Main ideas?
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Up till now, calculating an integral exactly has required us to evaluate Riemann sums in the limit as the mesh goes to 0.

With the Evaluation Theorem, we can calculate (ab f(x) dx if we know an antiderivative of f(x).

Evaluation Theorem: If f  is continuous on the interval [a,b], and F is an antiderivative of f  on [a,b] (that is, if F  is a function that is continuous on [a,b] and satisfies F((x) = f(x) for all x in (a,b)), then f  is integrable on [a,b], and 

(ab f(x) dx = F(b) – F(a).

Example 1: Let f(x) = x2 on [0,1].  Since F(x) = (1/3)x3 is an antiderivative of f(x) = x2 on [0,1], we have (01 f(x) dx = F(1) – F(0) = (1/3)13 – (1/3)03 = 1/3.  (Ta da!  No Riemann sums!  They’re all hidden inside the proof of the Evaluation Theorem.)

Remark: The way the Evaluation Theorem was stated presupposes that a<b (otherwise, it makes no sense to talk about [a,b]), but the formula still works if a>b, as long as F is an antiderivative of f on [b,a]): we have

(ab f(x) dx
= – (ba f(x) dx (by our definition)



= – (F(a) – F(b)) (by the Evaluation Theorem)



= F(b) – F(a).

Example 2: In problem E of assignment #1, you used L’Hospital’s Rule to prove that (02 e–x dx = 1 – e–2.  We can prove this much more simply using the Evaluation Theorem with f(x) = …
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e–x, and F(x) = …

..?..

–e–x: (02 e–x dx = (02 f(x) dx = F(2) – F(0) = (–e–2) – (–e–0) = e–0 – e–2 = 1 – e–2.  No Riemann sums! (
