Questions on the homework (assignment #1 or #2)?

Section 5.3: The Evaluation Theorem (continued)
What do you think of the following calculation?

“Since ln |x| is an antiderivative of 1/x,

(–11  (1/x) dx = ln |1| – ln |–1| = 0 – 0 = 0.”

..?..

..?..

What hypothesis of the Evaluation Theorem is not satisfied by f(x) = 1/x and F(x) = ln |x| on the interval [–1,1]?

..?..

..?..

f(x) is not continuous on [–1,1]!

(In fact, it isn’t even defined at 0, so (–11  (1/x) dx is undefined, if we use the definition we’ve been using.)

On the other hand, f(x) = 1/x is continuous on (0,() and on (–(,0), and hence on any closed interval [a,b] with either 0<a<b or a<b<0; it just isn’t continuous on intervals that contain 0.  So we can use the Evaluation Theorem to evaluate (ab  (1/x) dx as long as a and b both have the same sign.

Example 3: Since F(x) = ln x is an antiderivative of f(x) = 1/x on [1,2], (12 (1/x) dx = ln(2) – ln(1) = ln(2).  (So you’d better get this answer for problem C on homework #2!)

Evaluation Theorem: If f  is continuous on the interval [a,b], and F is an antiderivative of f  on [a,b] (that is, if F  is a function that is continuous on [a,b] and satisfies F((x) = f(x) for all x in (a,b)), then f  is integrable on [a,b], and 

(ab f(x) dx = F(b) – F(a).

Proof of the Evaluation Theorem:

First note that if f  is continuous on [a,b], then by Theorem 3 of section 5.2,  f  is integrable on [a,b], so “(ab f(x) dx” makes sense.

Now divide [a,b] into n equal-width subintervals with width (x = (b–a)/n, with division points xi = a + i(x (for 0(i(n).  Let F be any antiderivative of f.  We can write F(b) – F(a) as F(xn) – F(x0), which “anti-telescopes” to give the sum

F(xn) – F(xn–1)

         + F(xn–1) –  F(xn–2)

                        + F(xn–2) – F(xn–3)

                                       + ...

                                                    + F(x2) – F(x1)

                                                                + F(x1) – F(x0)

or (i=1n [F(xi) – F(xi–1)].

Since F is continuous on [xi–1,xi] and differentiable on 

(xi–1,xi), we may apply the Mean Value Theorem and deduce that there exist some number xi* in (xi–1,xi) such that

F(xi)–F(xi–1) = F((xi*) (xi–xi–1) = f(xi*) (x, so that

F(b) – F(a) = (i=1n f(xi*) (x.

Now we take the limit of this equation as n((:

F(b) – F(a) = limn(( (i=1n f(xi*) (x (with (x = (b – a)/n).

But this limit is just (ab f(x) dx, by Definition 2 in section 5.2. (
Question: “How come we get the same value for (ab f(x) dx if we use a different antiderivative of f?” 

..?..

..?..

We showed last semester that if F1 and F2 are two antiderivatives of f, then F1 and F2 differ by a constant, which implies F2(b) – F2(a) = F1(b) – F1(a).

Check: If (say) F2(x) = F1(x) + C for all x, then 

F2(b) – F2(a) = (F1(b) + C) – (F1(a) + C) = F1(b) – F1(a).
Note that the proof of the Evaluation Theorem requires us to consider Riemann sums in which the sample points are not necessarily left- or right-endpoints but could be arbitrary points in the subintervals.

That’s because the Mean Value Theorem doesn’t tell us where to find the magic point “c”.

Also, note that it’s hard to prove 

(ac f(x) dx = (ab f(x) dx + (bc f(x) dx 

if we’re forced to use subintervals of equal width, because c–b and b–a could be incommensurable, i.e., their ratio could be irrational.  (E.g., consider a = 0, b = 1, c = (.  If we divide [0, (] into a finite number of equal-width subintervals, 1 won’t be any endpoint of any of them.)

So we see that the need to be able to prove things like the Evaluation Theorem or like Property 5 is one thing that drives us to adopt the complicated Riemann sum definition of integration rather than just the simpler right-endpoint rule.

Before introducing indefinite integrals, let’s review:
The Evaluation Theorem: If f  is continuous on the interval [a,b], and F is an antiderivative of f  on [a,b] (that is, if F  is a function that is continuous on [a,b] and differentiable on (a,b) and satisfies F((x) = f(x) for all x in (a,b)), then f  is integrable on [a,b], and 

(ab f(x) dx = F(b) – F(a).

The definite integral: “(ab f(x) dx = I” (where I is a number) means that as the mesh of a Riemann sum for f(x) on [a,b] goes to 0, the value of the Riemann sum goes to I.

The indefinite integral: “( f(x) dx = F(x)” (where F(x) is a function) means that F((x) = f(x) for all x in the domain of f, i.e., the function F(x) is an antiderivative of the function f(x).

We often write  “( f(x) dx = F(x) + C” (where F(x) is a function and C is an arbitrary constant, so that F(x) + C is a whole family of functions) to remind ourselves that every function of this form is an antiderivative of f(x).

We write F(b) – F(a) as F(x)(ab or sometimes F(x)(x=ax=b.

So the Evaluation Theorem can also be written as an equation relating the definite integral (a limit of Riemann sums) and the indefinite integral (an antiderivative), as follows: If f(x) is continuous, then

(ab f(x) dx = (( f(x) dx)(ab
It’s annoying, but important, to remember to write dx (we’ll see why when we learn the Substitution Rule in section 5.5).

If we restrict to continuous functions f(x), then (ab f(x) dx and ( f(x) dx both exist.  That is: every continuous function is Riemann integrable and has an antiderivative.  

However, when we’re looking at discontinuous functions, neither of the two underlined conditions implies the other.  

That is, there exist Riemann integrable functions on [a,b] that have no antiderivative on [a,b], and there exist functions that have an antiderivative on [a,b] but are not Riemann integrable on [a,b]!  

Challenge: Think of examples of both kinds.

You shouldn’t have too much trouble coming up with an example of a Riemann integrable function with no antiderivative, but it’s a bit harder to think of a function f(x) that has an antiderivative F(x) but isn’t Riemann integrable.  What do we know about such a function?

..?..

..?..

It had better not be continuous (since every continuous function is Riemann integrable).

So F must be a differentiable function whose derivative isn’t continuous.

Remember those functions from 92.141?

A typical example is “x2 sin 1/x”, by which I mean the function F with F(x) = x2 sin 1/x for x ( 0 and F(0) = 0.

Here’s what F and F ( look like:
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(If this is unfamiliar, you need to review it!)

What we need now is something like this, but nastier.

For next class, try to find a function F(x) that’s differentiable everywhere but whose derivative isn’t bounded on [–1,1].

If we can find such a function, then F ( has an antiderivative (namely F) but isn’t Riemann integrable on [–1,1] (because it’s unbounded).

Anyway, some Riemann integrable functions don’t have antiderivatives, and some functions with antiderivatives aren’t Riemann integrable.  So we can have a situation where (ab f(x) dx exists but (( f(x) dx)(ab doesn’t, and other situations where (ab f(x) dx doesn’t exists but (( f(x) dx)(ab does.
For the rest of today, we’ll assume f is continuous so that both quantities exist and are equal to each other.
Another way to write the Evaluation Theorem: If the function F(x) is differentiable on [a,b] with continuous derivative, then 

(ab ((d/dx) F(x)) dx = F(x)(ab .

If you like to think symbolically, you can imagine that the 

( cancels the d (leaving just a (), and the first dx cancels the second.  But the preceding sentence doesn’t actually mean anything rigorous, since the “dx” in “d/dx” and the “dx” in definite (ab f(x) dx integral are just symbols, not actual numbers or even actual variables.

So far we’ve focused on applications of the Evaluation Theorem where the goal is to find (ab f(x) dx and we do it by computing F(b)–F(a). But sometimes it’s the other way around: we want to know “How much does the quantity F change from time a to time b?”, and we figure it out by computing (or estimating) the integral of F ((x) from a to b.

The Net Change Theorem: If F is continuous on [a,b] and differentiable on (a,b), and its derivative is continuous on (a,b), then the net change in F from a to b is the integral of the rate of change of F:




F(b) – F(a) = (ab F ((x) dx
(Note that the Constant Value Theorem is a special case of the Net Change Theorem: if F((x) = 0 for all x in [a,b], then F(b) – F(a) = (ab F((x) dx = (ab 0 dx = 0, so F(b) = F(a).)
Example: If the velocity of a particle is 1 – t at time t, by how much does its position change from time 0 to time 4?  (Say the units are meters per second, and motion is along the x-axis, with positive velocity meaning motion to the right and negative velocity meaning motion to the left.)
Let F(t) = the position of the particle at time t, so that 

F ((t) = the velocity of the particle at time t
         = 1 – t.

We have

net change in position
=   F(4) – F(0)






=   (04 F ((t) dt






=  (04 1 – t  dt

To evaluate this definite integral, it’s enough to find any antiderivative of 1 – t (not necessarily F(t) itself). So


(04 1 – t  dt = (t – t2/2)(04 = (4 – 8) – (0 – 0) = – 4.

What does this mean?

..?.. 

..?..

It means the particle moves 4 meters to the left.

Note that to solve this problem, we don’t need to know the initial and final positions of the particle.

What is the total distance traveled by the particle?

..?..

..?..

Clearly not –4!

Could it be 4?

..?..

..?..

No; the particle travels to the right from time 0 to time 1 and travels to the left from time 1 to time 4, undoing all the travelling it did from time 0 to time 1, and then some.

The total distance traveled equals the rightward distance traveled from time 0 to time 1 plus the leftward distance traveled from time 1 to time 4.

Compare: The net displacement of the particle equals the rightward distance travelled from time 0 to time 1 minus the leftward distance travelled from time 1 to time 4.

(01 1 – t dt = (t – t2/2)(01 = (1 – 1/2) – (0 – 0) = 1/2.

(14 1 – t dt = (t – t2/2)(14 = (4 – 8) – (1 – 1/2) = –9/2.

Net displacement: 1/2 – 9/2 = –4.

Total distance: 1/2 + 9/2 = 5.

Compare this with signed versus unsigned area (replacing t by x for familiarity): The geometric area between the graph of y = 1 – x and y = 0 between x = 0 and x = 4 is 5, even though the integral of 1 – x from x = 0 to x = 4 is –4. 
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