Section 5.4: The Fundamental Theorem of Calculus (concluded)
[Finish reading notes from Friday]

Challenge: Find an antiderivative of f(x) = |x| by applying the Fundamental Theorem of Calculus.

[Let class work on this.]

Solution: By the FTC, one antiderivative is the function F given by the formula F(a) = (0a f(x) dx, which is guaranteed to exist because f(x), being continuous, is integrable.

When a > 0, the area bounded by the lines x=0, x=a, and y=0 and the graph of y=|x| [draw sketch] is a triangle in the first quadrant with base a and height a, whose area is (1/2)(a)(a) = (1/2)a2.

When a < 0, the area bounded by the lines x=0, x=a, and y=0 and the graph of y=|x| [draw sketch] is a triangle in the second quadrant with base –a and height –a, whose area is (1/2)(–a)(–a) = (1/2)a2, but this area counts as negative since it lies to the left of the line y=0.  So F(a) = (1/2)a2 when a > 0 and –(1/2) a2 when a < 0.

And when a = 0, the area enclosed is clearly 0.

So we find that an antiderivative of |x| is given by



{(1/2)x2

if x > 0

F(x)   =
{0


if x = 0



{–(1/2)x2

if x < 0

Can we represent this more compactly?

..?..

..?..

(1/2) x |x|.

How can we check this answer?

..?..

..?..

Use differentiation!

Specifically, recall from Honors Calc I how we differentiate a piecewise-defined function.

For x > 0, we have F(x) = x2/2 so F((x) = (d/dx) x2/2 = x = |x|, and

for x < 0, we have F(x) = –x2/2 so F((x) = (d/dx) –x2/2 = –x = |x|.

What about computing (d/dx) F((x) at x = 0?

..?..

..?..

We have to go back to the definition of the derivative.

F((0) = limh(0 (F(h) – F(0))/(h – 0) = limh(0 F(h)/h = limh(0 (h|h|/2)/h = limh(0 |h|/2 = 0.

Or you could use separate one-sided limits as h approaches 0 from the right and from the left.

Or you could use the squeeze theorem.
Section 5.5: The Substitution Rule (aka the Change of Variables formula)

Main ideas? …

..?..
..?..
You can turn one integral (that’s hard to evaluate) into another (that’s easier to evaluate) by changing variables.
Usually the new variable (often denoted by u) that does the trick is equal to a subexpression of the original integrand.

Another way to describe the substitution rule is that “It’s like applying the chain rule in reverse.”

Example: Use substitution to find the indefinite integral





( sin2 x cos x dx
Take 2 minutes.

..?..

..?..

[Discuss.]

How do we know which substitution to use?

[Discuss.]

“How do sheep integrate (tan x)(sec x)2 ?”

..?..

..?..

Let u = tan x, with du/dx = sec2 x.  Then 

(tan x)(sec x)2 dx = u (du/dx) dx = u du, so 

( (tan x)(sec x)2 dx = ( u du = (1/2)u2 + C = (1/2) tan2 x + C.

So, what’s the answer to the riddle?

..?..

..?..

“They do a ewe substitution.”

Note that the mathematical derivation we did is a bit problematical:

(a) What does u (du/dx) dx = u du mean?  (Are the left and right hand sides differentials?)
(b) The functions are not defined everywhere, so it’s unclear which uses of the formula 

(*)
( (tan x)(sec x)2 dx = (1/2) tan2 x + C
to compute definite integrals are legit and which aren’t.

Can we conclude that 

(–(/4(/4  (tan x)(sec x)2 dx = (1/2) tan2 x |–(/4(/4  
or that

((/43(/4  (tan x)(sec x)2 dx = (1/2) tan2 x |–(/43(/4  ?

Think about this for next time!
