Section 5.4: The Fundamental Theorem of Calculus (re-concluded)
[Discuss meaning of “parameter” in problem B from assignment #3:]

What are the functions f satisfying f ((x) = 0 for all x?

..?..

..?..

All the functions of the form f(x) = C, with C an arbitrary constant.

These form a one-parameter family of functions.

What are the functions f satisfying f (((x) = 0 for all x?

..?..

..?..

All the functions of the form f(x) = Ax+B, with A, B arbitrary constants.

These form a two-parameter family of functions.

Questions on the homework due Friday?

Homework: “What tools (methods, theorems, etc.) are we supposed to use?”

Best: Tools I’ve taught you about that week or earlier

Next best: Tools found later in the book, properly cited
Worse: Tools found later in the book, taken for granted

Even worse: Tools that don’t work that you made up

Worst: Fudging

Also: In high school, you learn to apply formulas; in this class, you’re expected to apply reasoning (some of which is embodied in formulas and some of which isn’t).
There are two unclaimed dollars on the website; find them!
For tomorrow, come up with answers to all the True-False questions for chapter 5.  (They don’t have to be right, but you should have reasons for your answers.)
Questions on section 5.4?
Section 5.5: The Substitution Rule (continued)

“How do sheep integrate (tan x)(sec x)2 ?”

“They do a ewe substitution.”

They let u = tan x, with du/dx = sec2 x.  Then 

(tan x)(sec x)2 dx = u (du/dx) dx = u du, so they get
( (tan x)(sec x)2 dx = ( u du = (1/2)u2 + C, yielding 
(*)      ( (tan x)(sec x)2 dx = (1/2) tan2 x + C.

The sheep then conclude that
(–(/4(/4  (tan x)(sec x)2 dx = (1/2) tan2 x |–(/4(/4  
and that
((/43(/4  (tan x)(sec x)2 dx = (1/2) tan2 x |(/43(/4  ?

Are the sheep right?
..?..

..?..

The first of these is true, but the second is not, because the functions involved in (*) aren’t defined at x = (/2, which lies in the interval [(/4, 3(/4].

So, don’t be a sheep!

That is, don’t blindly follow the formulas; think about what they mean.

The equation (*) is problematical because its domain of validity isn’t specified.

But (*) isn’t entirely wrong, as we can check by differentiating using the chain rule:
(d/dx) (1/2) tan2 x = (tan x) (d/dx) tan x = tan x sec2 x.
Let’s look at the substitution theorem for definite integrals first, and then the substitution theorem for indefinite integrals.

Substitution Theorem for Definite Integrals
Let g(J) be an abbreviation for {g(x): x in J}.

If u = g(x) is a function that is differentiable on some interval J=[a,b], with g((x) continuous on the interval J, 
and f  is continuous on I=g(J), 
then f(g(x)) g((x) is integrable on J, and

(*)
(ab f(g(x)) g((x) dx = (g(a)g(b) f(u) du.

[Put it on the board for later reference.]

Note 1: You might want to write this as 


(x=ax=b f(g(x)) g((x) dx = (u=g(a)u=g(b) f(u) du
Note 2: Stewart’s version has no J; I’ve included it for reasons that should become clearer when we talk about indefinite integrals.
Proof: Let F be an antiderivative of f on I.  By the Chain Rule, the derivative of F(g(x)) is f(g(x)) g((x) on J, so F(g(x)) is an antiderivative of f(g(x)) g((x) on J.  
Moreover, f(g(x)) g((x) is continuous on J (since it’s a product of two continuous functions), so by the Evaluation Theorem, we see that 

(ab f(g(x)) g((x) dx = F(g(x))(ab = F(g(b)) – F(g(a)).  

But the Evaluation Theorem also tells us that

(g(a)g(b) f(u) du = F(u)(g(a)g(b) = F(g(b)) – F(g(a)). (
Example: Compute (01 x / (1 + x2)  dx.

[Have students spend three minutes doing this.]

Solution: 
“High school method”: Let u = 1+x2 (though x2 also works).

Then we have du = 2x dx, so x dx = (1/2) du.

When x=0, u=1; when x=1, u=2; so

(x=0x=1 (x dx) / (1 + x2) = ½ (u=1u=2 du / u = ½ ln |u|(12
= ½ (ln 2 – ln 1) = ½ ln 2 (= ln sqrt(2) if you prefer).

Careful solution (with motivation included):

a = 0, b = 1.

Our goal is to write x / (1 + x2) in the form f(g(x)) g((x).

Because the subexpression 1+x2 occurs as a denominator and its derivative 2x occurs in the numerator (ignoring that factor of 2 for now), it’s one of our candidates for being the “right” choice of g(x).

With g(x) = 1+x2 we have f(g(x)) g((x) = f(1+x2) (2x).

Writing x / (1 + x2) = f(1+x2) (2x) and dividing both sides by 2x, we get ½ / (1 + x2) = f(1+x2).

Writing 1+x2 as u, we get ½ / u = f(u).

So f(u) = ½ / u; and now we know the f and g we want to apply the Substitution Theorem to.

In checking that the hypotheses are satisfied, we need to specify I and J.

J = [a,b] = [0,1]; I = g(J) = [1,2].

g((x) = 2x is continuous on J (because it’s a polynomial)

and f(x) = 1/x is continuous on I (because I avoids the singularity at x = 0), so the theorem applies:
f(g(x)) g((x) = 2x / (1 + x2), so 
(01 2x / (1 + x2) = (12 1/u du = ln 2 – ln 1 = ln 2,

whence (01 x / (1 + x2) = ½ ln 2.
Substitution Theorem for Indefinite Integrals
My version is a bit different from Stewart; one difference is that my version doesn’t require f to be continuous, but there are more serious differences, as we’ll see.
If u = g(x) is a function that is differentiable on some interval J, and f  has an antiderivative on I = g(J), then f(g(x)) g((x) has an antiderivative on J, and

(*)
( f(g(x)) g((x) dx = (( f(u) du)|u=g(x)
[Put it on the board for later reference.]

Note 1: The integral in the LHS of (*) is a function of x  while the integral in the RHS is a function of u; when we claim equality, we’re saying that if, after you’ve computed the second integral as a function of u, you replace u by g(x), you get the integral in the LHS.  Henceforth I’ll omit the substitution symbol “|u=g(x)”, but whenever I equate a function of x with a function of u, you should always understand that it’s implicitly there.

Note 2: Both sides of (*) are indefinite integrals and hence involve an arbitrary constant C.
