Section 7.4 (continued):

Consider a particle moving in the plane whose position at time t is (p(t), q(t)), for t between a and b, where p and q are both differentiable functions.  The length of the path travelled by the particle is

(*)


L = (ab sqrt([p((t)]2+[q((t)]2) dt
Special case of (*): p(t) = t and q(t) = f(t), so the path of the particle whose position (x,y) at time t is (p(t),q(t)) is just the graph of the curve y = f(x).

Then p((t) = 1 and q((t) = f ((t), so our formula (*) says that the length of the curve y = f(x) from (a, f(a)) to (b, f(b)) is 

(ab sqrt([1]2+[f ((t)]2) dt = (ab sqrt([1]2+[f ((x)]2) dx , 

which is Stewart’s formula (2) for the length of a curve.

(Another special case: p(t) = g(t) and q(t) = t, so the path of the particle whose position (x, y) at time t is (p(t), q(t)) is just the graph of the curve x = g(y).

Then p((t) = g((t) and q((t) = 1, so our formula (*) says that the length of the curve x = g(y) from (g(a), a) to (g(b), b) is

(ab sqrt([g((t)]2+[1]2) dt = (ab sqrt([g((y)]2+[1]2) dy ,

which is Stewart’s formula (4).)

Suppose f(t) is defined for all t in some closed interval I, and suppose that a belongs to I.

Define

(**)

s(x) = (ax sqrt([f ((t)]2+1) dt 

(the arc-length function) for all x belonging to I.

Note that when x < a,  s(x) equals the negative of the length of the arc joining the two points.

Then: 

The length of the curve from x=x1 to x=x2 

(with x1 ≤ x2) is equal to s(x2) – s(x1).

This is easy to see in the case where a ≤ x1 ≤ x2, but it’s also not hard to prove in the other cases as well.

For instance, if x1 < a < x2, then the arc-length from x = x1 to x = a equals –s(x1), while the arc-length from x = a to x = x2 equals s(x2), so the total arc-length from x = x1 to x = x2 is the sum –s(x1) + s(x2) = s(x2) – s(x1).
Questions on section 7.4?

[Collect section notes.]

Section 7.5: Area of a surface of revolution

Main idea(s)? …

..?..

..?..

We can compute the area of a surface of revolution by dividing it up into infinitesimal conical bands and integrating.

The surface area of the surface obtained by rotating the curve y = f(x) (with a ≤ x ≤ b) about the x-axis is

S = (ab 2( f(x) sqrt(1+[f ((x)]2) dx
(formula (4) from Stewart; there’s a similar formula for surfaces obtained by rotation about the y-axis).

[Start deriving the formula heuristically, using cylindrical bands, and show the students that it gets us into trouble; we need to use conical bands.]

Example: Let f(x) = sqrt(1–x2) for x between –1 and 1.  If we revolve the curve around the x-axis, what surface do we get?

..?..

..?..

A sphere.  Let’s compute its surface area.

f(x) = (1–x2)1/2, so …

..?..

..?..

f ((x) = (–2x)(1/2)(1–x2)–1/2 = (–x)(1–x2)–1/2 and …

..?..

..?..

[f ((x)]2 = (x2)(1–x2)–1 = x2/(1–x2) and …

..?..

..?..

1+[f ((x)]2 = (1–x2)/(1–x2) + x2/(1–x2) = 1/(1–x2), so …
..?..

..?..

sqrt(1+[f ((x)]2) = (1–x2)–1/2 and …

..?..

..?..

f(x) sqrt(1+[f ((x)]2) = (1–x2)1/2 (1–x2)–1/2 = 1 (, giving …

..?..

..?..

S = (–11 2( f(x) sqrt(1+[f ((x)]2) dx = (–11 2( dx = (2)(2() = 4( as the surface area of a sphere of radius 1.
What do you guys think?

..?..

..?..

In high school, you learned that the surface area of a sphere of radius r is 4(r2, which for r = 1 is 4(.  (
Questions on section 7.5? ..?..

[Collect section summaries.]

[Collect homework and time-sheets.]
Have a good break!

