Section 7.6: Applications to physics and engineering

Main ideas? …

..?..

..?..

“Calculus does physics!”

Work

Work is motion caused by a force:


work = force ( distance


W = F d
Common units of force are the pound (English) and the newton (metric), often abbreviated N.  The associated units of distance are the foot (English) and the meter (metric).  Hence the units of work are the foot-pound (English) and the newton-meter (metric); the latter is also called a joule and is often abbreviated J.

When motion is in the same direction as the force being applied, the work done by the force is positive; when motion is in the opposite direction, the work done by the force is negative.

(A sometimes confusing point is that there are often two opposite forces; e.g., when you lift a rock, your hand is applying upward force on the rock while gravity applies downward force.  When you hold a rock, the two forces are in equilibrium.)

Gravitational force is given by

F = m g
where m is the mass of the object and g is the strength of gravity.  g has units of acceleration (e.g., in Earth’s gravitational field, objects in free fall would accelerate at a rate of 9.8 m/sec2, ignoring the effects of friction etc., so that’s Earth’s gravitational constant).  Force is measured in units of kg m / sec2, also called newtons.

Example: To lift 10 kilograms 2 meters against the pull of Earth’s gravity, we must apply a force of

F = mg = (10 kg) (9.8 m/sec2) = 98 N

through a distance of 2 meters, thereby doing 98 ( 2 = 196 J of work.

Example: To lift 10 pounds 2 feet against the pull of Earth’s gravity, we apply a force of 10 pounds through a distance of 2 feet, doing 10 ( 2 = 20 foot-pounds of work.

Example: To lower 10 pounds 2 feet in Earth’s gravity, we apply an upward force of 10 pounds through a downward distance of 2 feet, doing –20 foot-pounds of work.

Note: If F or d equals 0, then W = 0.

If the amount of force applied depends on where the object is (or what time it is) then we need calculus.

When we move an object from x to x + dx, the infinitesimal work we do is f(x) dx, where f(x) is the amount of force we are applying when the object is in the vicinity of x.  So the total work done in moving the object from a to b is equal to (ab f(x) dx.

Example: It takes 10 joules to compress a spring from its natural length of 10 cm to a length of 9 cm.  How much work is done in compressing the spring from its natural length to a length of 8 cm?

Solution: Hooke’s Law says that the force is given by 

F = kx, where x is the distance of compression/extension and k is the spring constant, so the work done in compressing a spring 1 cm = 0.01 m from its natural length is equal to (00.01 kx dx = (1/2)kx2 |00.01 = k(0.01)2/2 = 0.00005k, and the work done in compressing a spring 2 cm = 0.02 m from its natural length is equal to (00.02 kx dx = (1/2)kx2 |00.02 = k(0.02)2/2 = 0.00020k, so if 0.00005k equals 10 joules, 0.00020k equals 40 joules. 

(Note that we didn’t need to solve for k to solve this problem.)

We need calculus when move different parts of some system through different distances, because then we are doing different amounts of work on the different parts.
Example: How much work does it take to pump out all the water from a conical hole 10 feet in diameter and 5 feet deep (i.e., to bring all the water to ground-level)? [Draw picture.]  Assume that water has a density of 62 pounds per cubic foot. 

Solution: Look at the slice from x feet below ground level to x+dx feet below ground level.  By similar triangles, the cross-section is a disk of radius 5 – x, so the cylindrical slice has base area ((5 – x)2 and thickness dx, for a total volume of ((5 – x)2 dx (in cubic feet), and since the density is 62 pounds per cubic foot, the (infinitesimal) weight of the slice is 62((5 – x)2 dx.  Since we have to raise this weight a distance of x feet, the (infinitesimal) work we do in pumping out this slice of water is 62((5 – x)2 x dx.  Integrating, we find that the total work to pump out the hole is (​05 62((5 – x)2 x dx foot-pounds (and from here it’s just evaluating an integral).
Hydrostatic pressure

A thin horizontal plate with area A square meters at a depth of x meters in a fluid of density ( kg / m3 experiences a force of F = mg = (Vg = (Axg (where V is the volume of the part of the fluid above the plate and m is its mass) and a pressure of P = F/A = (xg (where pressure is force per unit area, measured in units of newtons per square meter, also known as a pascal, abbreviated Pa).  Letting ( = (g (especially handy in the English system, where ( has units of pounds per cubic foot), we have P = (xg = (x.  We call ( the “weight-density”.
(Note: Stewart writes “d” instead of “x”, but switches to “x” to avoid having to write the differential of d as “dd”!)

Since the pressure at a point is the same in all directions (we’ll treat this is an empirical fact, since it’s not a consequence of what we’ve said so far), the same hydrostatic pressure is experienced in a horizontal direction acting on a spot on a vertical plate at depth x.

More precisely, if we have a vertical plate, the infinitesimal portion of the plate at depth between depth x and depth x+dx experiences a pressure of (x and a force of (x dA, where dA is the infinitesimal area of that portion of the plate.

The same is true for a plate tilted at any angle.

Example: A 5-foot by 2-foot board is resting at a tilted angle in 4-foot-deep pool of water, with one 2-foot edge resting on the bottom of the pool and the opposite 2-foot edge at exactly the top of the water.  How much force is acting on each side of the board?  [Draw picture.]

(Why is the same force acting on each side of the board?

..?..

..?..

Because the system is in equilibrium.

If there were different forces acting, the board would move!)

Solution: The infinitesimal part of the board whose depth below the water-level is between x and x+dx is a rectangle of width 2 feet and length (5/4) dx feet (use similar triangles), so its area is dA = 2.5 dx ft2 and the force acting on it is 
dF = ( x dA = (62 lb/ft3) (x ft) (2.5 dx ft2) = 155x dx lb, 
so the total force is 
(04 155x dx = (155/2)x2|04 = (155/2) (16) = 1240 lb.
What if the board were floating horizontally at a depth of 2 feet (halfway between the top of the pool and the bottom of the pool)?

The hydrostatic pressure would be just the area of the board times its depth times the weight-density of the water above it, or (5 ft) ( (2 ft) ( (2 ft) ( (62 lb/ft3) = 1240 lb.

Coincidence? 

..?..

..?..

There’s a general principle of hydrostatics that guarantees that the hydrostatic force acting on a flat board of any shape immersed in fluid is equal to its area times the depth of its center of mass, or centroid, times the weight-density of the fluid.

(That’s because pressure is a LINEAR function of depth.)

Since in the hydrostatics problem about the vertical board the center of mass of the board had a depth of 2 feet, the force acting on the board is the same as if the whole board were at a depth of 2 feet.

You’ll prove the centroid principle of hydrostatics in the next homework assignment, in the case where the board is oriented in a purely vertical fashion, with no tilting.
