Section 7.7: Differential equations

Main ideas? …

..?..
..?..

A differential equation is an algebraic relationship between a function and its derivative (possibly including its second derivative, its third derivative, etc.).

Example: Consider the function y = x2.  Its derivative 

dy/dx = 2x satisfies the relation

(1)

x (dy/dx) = 2 y
since both sides of the equation equal 2x2.

This is an example of a differential equation.

Usually we start with a differential equation, and try to find the function or functions f(x) satisfying it.  This is called solving the differential equation.

The easiest case is when the differential equation is separable: that means it can be written in the form

(2)

dy/dx = g(x) f(y).

We’ll focus on the case where f(y) ( 0 for all y ( 0.

Note that (1) is of the form (2), with g(x) = 1/x,  f(y) = 2y.

We solve (2) by writing the equation as a relationship between differentials

(3)

dy = g(x) f(y) dx,

dividing both sides by f(y) (it’s okay to divide (3) by f(y) to get (4) because we’re assuming that f(y) ( 0 for all y ( 0) to get

(4)

(1/f(y)) dy = g(x) dx
in which the variables are completely separated from each other, and antidifferentiating both sides:

(5)

( (1/f(y)) dy = ( g(x) dx
Example:


dy/dx = 2y/x
Setting aside the solution y(x) = 0 for all x, we divide by 2y and multiply by dx:


(1/2)(1/y) dy = (1/x) dx
Now antidifferentiate:


( (1/2)(1/y) dy = ( (1/x) dx

(1/2) ln |y| + C1 = ln |x| + C2

(1/2) ln |y| = ln |x| + const


ln |y| = 2 ln |x| + const



 = ln |x|2 + const



 = ln x2 + const


|y| = exp(ln x2 + const)

     = exp(ln x2) exp(const)


     = x2 exp(const)


y = ±x2 exp(const)


   = Cx2
where C = ±exp(const), an arbitrary non-zero constant.

(Check: If y = Cx2, then dy/dx = 2Cx and x dy/dx = 2Cx2 = 2y.)

Combining this with the trivial solution y(x) = 0 for all x, that we set aside at the start, we get the solution


y = Ax2
to the differential equation dy/dx = 2y/x, where A is an arbitrary constant (positive, negative, or zero).

Notice that this differential equation had a whole family of solutions, not just one.  This is typical.

Consider for instance the differential equation dy/dx = g(x).  Then y is just an antiderivative of g(x), and we know that there is a one-parameter family of antiderivatives of g(x) (all of which differ by a constant from one another).

Since a specific physical problem usually has just ONE answer, we need more information than just the differential equation.

For instance, if we know that dy/dx = 2y/x AND that y = 3 when x = 1, then we can take the general solution y=Ax2 and substitute x = 1 and y = 3 to solve for A and obtain the particular solution y = 3x2.

Another example of a separable differential equation is


dy/dt = ky(M–y),

which is called the logistic differential equation and is one of the simplest models of constrained population growth.

Stewart solves it algebraically by partial fractions, obtaining solutions such as


y = 1/(1+exp(–t))

for the case k = M = 1.

[Go through Stewart’s derivation if time permits.]

Let’s try to understand this solution qualitatively.

When t << 0, exp(–t) is huge, so 1/(1+exp(–t)) ≈ 1/(exp(–t)) = exp(t) is close to 0 (but positive).

At t = 0, 1/(1+exp(–t)) = 1/2.

When t >> 0, exp(–t) is tiny, so 1/(1+exp(–t)) is close to 1 (but slightly smaller).

In fact one can show that 1/(1+exp(–t)) ≈ 1 – exp(–t).

[Sketch the curve.]

Let’s check that this curve satisfies the differential equation dy/dt = y(1–y) qualitatively:

When t << 0, we have y ≈ 0, so y(1–y) ≈ 0; also dy/dt ≈ 0, since y isn’t changing much.  So dy/dt ≈ y(1–y). 

When t = 0, we have y = 1/2, so y(1–y) = 1/4; and y is increasing at a reasonable rate, so it makes sense that dy/dt is somewhere between 0 and 1.

When t >> 0, we have y ≈ 1, so y(1–y) ≈ 0; also dy/dt ≈ 0, since y isn’t changing much.  So dy/dt ≈ y(1–y). 

Taking this method of graphically verifying a solution to a differential equation and turning it around, we get a method of graphically generating an approximate solution to a differential equation; this is called the slope-field method.

[Draw a picture to apply this to the logistic equation.]

