Chapter 8: (Sequences and) Series
Section 8.1: Sequences

Main ideas?

..?..
..?..

Sequences, convergence, divergence

Notations like limn(( an = L and limn(( an = (
The (, N definition of convergence

Algebraic limit laws for sequences

The Continuity and Convergence Theorem

Increasing, decreasing, monotonic, bounded sequences

The Monotonic Sequence Theorem

Recall that Newton’s method for iteratively approximating a solution to an equation of the form f(x) = 0 replaces the estimate xn by the estimate xn+1 = xn – f(xn)/f ((xn).  In the case f(x) = x2 – 2, we get good approximations to sqrt(2) quickly:

x1 
= 
1


   = 1.0,

x​2 
= 
3/2 


   = 1.5,

x3 
= 
17/12 

   = 1.416666666...

x4 
= 
577/408 

   = 1.414215686...

x5
= 
665857/470832  = 1.414213562...

(and x6, x7, ... all begin 1.414213562...)

What does it mean to say that this method “computes” sqrt(2)?

It means:

For every ( > 0, there exists N such that xN+1, xN+2, xN+3, etc. are all within ( of sqrt(2). 

The numbers 1
, 3/2, 17/12, 577/408, ... are an example of what is called a sequence.

A sequence is just one number a1, followed by another number a2, followed by another number a3, and so on, forever.

The numbers don’t have to all be different; for instance, 1,2,1,2,1,2,... is a sequence.

Sometimes people use the term sequence to refer to any list of numbers, with or without a last term; then a list with a last term is called a finite sequence, and a list with no last term is called an infinite sequence.  But for us, the word “sequence” will always mean “infinite sequence”.  (Note that in an infinite sequence of numbers, each term is an ordinary finite number.)

(Important: Do not confuse the word “sequence” with the word “series”.  Later we will learn what the word “series” means in calculus, but 1,2,1,2,… is NOT a series.)

We say a sequence a1, a2, a3, ... converges to the limit L if for every ( > 0, there exists an integer N such that for every integer n > N, an is within ( of L, i.e., |an – L| < (.  We write 

limn(( an = L.

Example: The sequence 1,1,1,1,... converges to 1.  

(Check that this satisfies the preceding definition.)

This should rebut the idea that a convergent sequence necessarily “approaches but never reaches” its limit.

Example: Consider the sequence 0/1, 1/2, 2/3, 3/4, 4/5, … whose nth term is an = (n–1)/n.  If we plot the points (n, an) in the x,y plane we see that the line y = 1 is an asymptote, which leads us to suspect that limn(( an = 1.
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We can also prove this rigorously using the definition of the limit of a sequence given above:

Claim: limn(( (n–1)/n = 1.

Proof: Given an ( > 0, let N be insert choice here; then for any integer n > N, we have 

|an – L| = |(n–1)/n – 1| = |n/n–1/n–1| = |–1/n| = 1/n < 1/N ≤ ( so that |an – L|  <  ( as desired. (
(In class, we came up with this proof by leaving the choice of N blank and starting in on writing the argument for why our choice of N has the desired property; then, when we got to the part of the argument where we had to show that 1/n is less than ( for every n > N, we realized that we could achieve this by making sure that N is at least 1/(.  This way of building a proof, by starting at both ends and working towards the middle, is typical of what one does.)

Example: an = (2n+3)/n.  
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As n((, an approaches …

..?..

..?..

2.  To prove it, let L = 2, and note that 

|an – L| = …

..?..

..?..

|(2n+3)/n – 2n/n| = 3/n.

So, given any ( > 0, we (or Eve) can win by taking N…

..?..

..?..

 ( 3/(, because then for any n with n > N we have


|an – L| = 3/n < 3/N ( 3/(3/() = (.

Example: an = (–1)n / n. 
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As n((, an approaches …

..?..

..?..

0.  To prove it, let L = 0, and note that


|an – L| = |an| = 1/n.

So, given any ( > 0, we can win by taking 
..?..

..?..

any N ( 1/(, because then for any n with n > N we have


|an – L| = 1/n < 1/N ( 1/(1/() = (.

Example: an = (–1)n. 
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As n((, an approaches …
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No limit exists!

We say such a sequence diverges.

A quote from mathematician Paul Halmos:

The day when the light dawned-- I remember the circumstances and
the scene-- Ambrose and I were talking in a seminar room on the second
floor of the mathematics building, and something he said was the
last candle that this blind camel needed. I suddenly understood
epsilons and limits, it was all clear, it was all beautiful, it was
all exciting. [...] It all clicked and fell into place. I still had
everything in the world to learn, but nothing was going to stop me
from learning it. I just knew I could. I had become a mathematician.
Look over the Limit Laws for Sequences on page 429.

It’s important to understand them correctly.

E.g., the law


limn(( (an – bn) = limn(( an – limn(( bn 

means that IF

limn(( an exists AND limn(( bn exists,

THEN

limn(( (an – bn) exists and 

limn(( (an – bn) equals limn(( an – limn(( bn .

It does not mean that if limn(( (an – bn) exists, then the other two limits exist and satisfy an algebraic relation.

(Example: Let an = bn = n.  limn(( (an – bn) exists but the other two limits do not.)

These limit laws are analogous to the limit laws discussed in section 1.4.  One reason for the analogy is explained in Theorem 3 of section 8.1, which relates the notion of limits for functions and limits for sequences:

Theorem 8.1.3: If limx((  f(x) = L and f(n) = an when n is a positive integer, then limn(( an = L.

(I called this the Continuity and Convergence Theorem last time, but that was an error.)
