[Go around with names]

Section 10.2: Vectors

Main ideas?

..?..

..?..

· Definition of vectors

· Vector addition

· Scalar multiplication

· Parallel vectors

· Components of vectors

· Length/magnitude of vectors

· Zero vector

· Unit vectors

Vectors are used for physical quantities that have magnitude and direction.

Scalars are used for physical quantities that have magnitude but no direction.

Which of the following are vector quantities, and which are scalar quantities?

Speed, Force, Debt, Velocity, Acceleration, Momentum, Energy, Temperature, Work 

..?..
..?..
(Speed, debt, energy, temperature, and work are all scalars; the other quantities are vectors.)

For geometry, the kinds of vectors we’ll focus on are displacement vectors.  This will lead us to the idea of components, which can be applied to other sorts of vectors as well.

Are the following vectors equivalent?

A----->B

C---------->D
..?..

..?..

No.

Are the following vectors equivalent?

A----->B

C----->D
..?..

..?..

Yes.  We usually say “equals” (instead of “is equivalent to”) and we write


(      (

AB = CD
which I’ll also write as A(B = C(D in these notes (since it’s a lot easier to do this in Word).

Vector addition: See http://www.stewartcalculus.com/tec/ for some nice animations of vector addition and other things.

Let A, B, C be vertices of a triangle.

What is A(B + B(C?

..?..

..?..

A(C.

What is A(B + B(C + C(A?

..?..

..?..

The zero-vector, written as 0.

We typically represent vectors with boldface symbols, like 0 or u or v or w.

What can you do with handwriting to typographically distinguish vectors from scalars?

..?..

..?..

Underline them with a squiggle, or put a little vector-symbol on top.

Scalar multiplication:

What is the geometrical meaning of 2v?

..?..

..?..

It’s the vector parallel to v, but twice as long.

..?..

..?..

I claim that this isn’t quite right.

..?..

..?..

There are two such vectors (assuming v ( 0)!

(The other one is –2v.)

Try again: What is the geometrical meaning of 2v?

..?..

..?..

It’s the vector parallel to v, but twice as long, pointing in the same direction as v.

Also note that 2v is the same as the vector v+v.  [Draw picture.]

Algebraic proof: 

2v  =  (1+1)v = 

      = 1v + 1v (by Property 6)

      = v + v (by Property 8).

What is the geometrical meaning of (–1)v?

..?..

..?..

It’s the vector parallel to v, of the same length as v, pointing in the opposite direction.

We also write this as –v.

What is the geometrical meaning of 0v?

..?..

..?..

The vector of length 0 and no particular direction, aka 0.

Is 0 equal to 0?

..?..

..?..

No; a vector and a scalar are different kinds of entities, and can never be equal.
Parallel vectors: Are the following vectors parallel?

---->            <------

         ---------->  

..?..

..?..
Yes, all three are parallel.

(But we don’t want to say that they’re parallel to the 0 vector, because then being parallel won’t be a transitive property.)

Fact: Two non-zero vectors u and v are parallel if and only if v = cu for some non-zero constant c.

Suppose P, Q, and R are points, with

a = P(Q,  b = P(R,  c = Q(R.

Sketch this situation, and describe c algebraically in terms of a and b.

..?..

..?..

c = b – a.

This gives the geometrical meaning of subtraction of vectors.

Components of vectors:

A vector v is equivalent to exactly one vector of the form


O(P,

and if P has coordinates (x,y,z) we write v as (x,y,z(.

We call x, y, z the components of v.  (Note that they are scalars.)

If v = (x,y,z( then it can be shown that cv = (cx,cy,cz(.

Also, if v = (x1,y1,z1( and w = (x2,y2,z2(, then it can be shown that v+w = (x1+x2,y1+y2,z1+z2 (.

Therefore, if v = (x,y,z( then we can write v in the form


v = xi + yj + zk
where


i  = (1,0,0(

j  = (0,1,0(
k = (0,0,1(
(check: x(1,0,0(+y(0,1,0(+z(0,0,1( = (x,0,0(+(0,y,0(+(0,0,z( = (x+0+0,0+y+0,0+0+z() = (x,y,z().

We call i, j, and k the standard basis vectors for R3.

For physical quantities like velocity and acceleration, the components of the vector have physical meaning; e.g, the i-component of force is the force in the x-direction, and the vector addition law

(x1,y1,z1( + (x2,y2,z2( = (x1+x2,y1+y2,z1+z2 (
says that when you compute the resultant of two forces acting on a body, the combined force in the x-direction (or y-direction, or z-direction) equals the sum of the individual forces in that direction.

Length of vectors:

The length of (x,y,z( is defined as sqrt(x2+y2+z2).

Use this formula to verify that the length of cv is indeed c times the length of v: If v = (x,y,z(, then cv = (cx,cy,cz( and

length(v) = sqrt(x2+y2+z2)

length(cv) = sqrt(c2x2+c2y2+c2z2) = sqrt(c2(x2+y2+z2))


= sqrt(c2) sqrt(x2+y2+z2)) = c sqrt(x2+y2+z2)).

Do you buy this?

..?..

..?..

What if c is negative?

..?..

..?..

Then sqrt(c2) = –c, not c!

What we should have written in the last line of our proof is

= sqrt(c2) sqrt(x2+y2+z2)) = |c| sqrt(x2+y2+z2)).

So what we’ve shown is that the length of cv is equal to |c| times the length of v.

Note that in the case c = –1, we learn that –v and v have the same length.

We write the length of a vector v as |v|.

For physical quantities, we call |v| the magnitude of v rather than its length, and we often write it v.

Note that v is a scalar (though, unlike numbers, it is not a dimensionless scalar).

Unit vectors: We say v is a unit vector if |v| = 1.

Is i+j a unit vector?

..?..

..?..

No: |i+j| = |(1,0,0(+(0,1,0(| = |(1,1,0(| = sqrt(12+12+02) = sqrt(2) ( 1.

Find all unit vectors parallel to i+j+k.

..?..

..?..

We seek all vectors of the form v = c(i+j+k) such that |v| = 1; i.e., we seek all c such that |(c,c,c(| = sqrt(c2+c2+c2) = 1.

Solving 3c2 = 1 gives c = (1/sqrt(3).  So the vectors are

(1/sqrt(3), 1/sqrt(3), 1/sqrt(3)( 

and 

(–1/sqrt(3), –1/sqrt(3), –1/sqrt(3)( .
Reminder: You will derive the maximum benefit from (and enjoyment of) class discussions if you have done the reading ahead of time.

Class meetings are where we explore and firm up our grasp of the concepts, NOT the place where we encounter them for the first time.

If you haven’t done the reading, it’s still better to come to class than not to, and you should still try to participate, but you won’t get as much out of the class as you will if you’ve at least skimmed the section.

