Section 10.3: The dot product (continued)
Suppose a ( b = a ( c ( 0, with a ( 0.  Can we conclude that b = c?

..?..

..?..

No; e.g., i ( (i+j) = i ( (i+k) (both dot-products equal 1) but i+j ( i+k.

If a ( b = a ( c, with a ( 0, there is a conclusion we can draw about equality of two vector projections; what is that conclusion?

..?..

..?..

proja b = proja c.  (Check: If a(b = a(c, then

proja b = (a(b / |a|2) a = (a(c / |a|2) a = proja c.)
Theorem 3 says that a(b = |a| |b| cos (; this implies that a(b lies between –|a| |b| and |a| |b| , which implies |a(b| ( |a| |b|.

(Some people prefer to write this as |a(b| ( ||a|| ||b|| to notationally distinguish between the absolute value of a scalar and the magnitude of a vector.)
When we square both sides of the inequality


|a(b| ( |a| |b|

we obtain


(a(b)(a(b) ( (a(a)(b(b).

This form is called the “Cauchy-Schwarz Inequality”.

Here’s a nice application of the inequality; justify each step and interpret the final inequality geometrically.


a(b ( |a||b|

a(b + b(a ( 2|a||b|

a(a + a(b + b(a + b(b ( a(a + b(b + 2|a||b|


(a+b)((a+b) ( a(a + b(b + 2|a||b|

|a+b|2 ( |a|2 + |b|2 + 2|a||b|


|a+b|2 ( (|a| + |b|)2
|a+b| ( |a| + |b|

This last inequality is called the Triangle Inequality; it asserts that the length of a+b is at most the length of a plus the length of b.

Why do you think it’s called the Triangle Inequality?

..?..

..?..

Given points P, Q, R, let a = P(Q and b = Q(R.

Then the Triangle Inequality asserts that …

..?..

..?..

distance PR is at most distance PQ plus distance QR.

Problem: If a,b,c are vectors in the x,y-plane such that

|a| = |b| = |c| = |a+b| = |b+c| = 1,

what is |a+b+c|?

..?..

..?..

Use geometrical reasoning.

The angle between a and b must be 120 degrees, as must the angle between b and c.  [Draw pictures of the two possibilities.]

|a+b+c| is 0 or sqrt(3).
Paradox to think about for next time: Let u be a vector such that |u|=1.  Choose a vector v such that |v| = 3 and u(v = 5.  Now we have |u – v|2 = (u–v)((u–v) = u(u – 2(u(v) + v(v = 1 – 2(5) + 9 = 0. Hence u=v.  But u and v have different lengths!  What’s going on?
[Collect notes for section 10.4.]
Section 10.4: The cross product

Main ideas?

..?..

..?..

· Algebraic definition of the cross product

· The relationship between the direction of a(b and the plane spanned by a and b
· The relationship between the magnitude of a(b and the magnitudes of a and b and the angle between them

· The relationship between the magnitude of a(b and the area of the parallelogram spanned by a and b


· The triple product (see below)
i(i = j(j = k(k = 0 

i(j = k, j(k = i, k(i = j 

j(i = –k, k(j = –i, i(k = –j
Every other cross-product can be computed from these nine formulas by applying the distributive law: e.g.,

(2i+3j) ( (4j+5k) = 8(i(j) +10(i(k) + 12(j(j) + 15(j(k)

= 8k – 10j + 0 +15i.

So (a1i+a2j+a3k) ( (b1i+b2j+b3k) 

=     (a1b1)( 0 ) + (a1b2)( k) + (a1b3)(–j)
    + (a2b1)(–k) + (a2b2)( 0) + (a2b3)(i)
    + (a3b1)( j )  + (a3b2)(–i) + (a3b3)(0)
= (a2b3–a3b2)i + (a3b1–a1b3)j + (a1b2–a2b1)k
I.e., 

(a1, a2, a3( ( (b1, b2, b3( = (a2b3–a3b2, a3b1–a1b3, a1b2–a2b1(.
