Section 10.3: The dot product (concluded)
Paradox I asked you to think about for today: Let u be a vector such that |u|=1.  Choose a vector v such that |v| = 3 and u(v = 5.  Now we have 

|u–v|2 = (u–v)((u–v) 

= u(u – 2(u(v) + v(v 

= 1 – 2(5) + 9 

= 0. 

Hence u=v.  But u and v have different lengths!  What’s going on?

..?..

..?..

No such vectors exist!

Why not?

..?..

..?..
Can we have |u| = 1, |v| = 3, and u(v = 5?

Why not?

..?..

..?..

By the Cauchy-Schwarz inequality, …

..?..

..?..

|u(v| is less than or equal to |u| times |v|, but 5 is greater than 1 times 3.

[Collect homework and time sheets; hand out time sheets]
Section 10.4: The cross product (continued)
Using the facts
i(i = j(j = k(k = 0 

i(j = k, j(k = i, k(i = j 

j(i = –k, k(j = –i, i(k = –j
(which you can encode in a nice-looking three-by-three multiplication table) and applying the distributive law, you can compute the general formula for the cross-product of two vectors:
    (a1i+a2j+a3k) ( (b1i+b2j+b3k) 

=     (a1b1)( 0 ) + (a1b2)( k) + (a1b3)(–j)
    + (a2b1)(–k) + (a2b2)( 0) + (a2b3)(i)
    + (a3b1)( j )  + (a3b2)(–i) + (a3b3)(0)
= (a2b3–a3b2)i + (a3b1–a1b3)j + (a1b2–a2b1)k
I.e., 

(a1, a2, a3( ( (b1, b2, b3( = (a2b3–a3b2, a3b1–a1b3, a1b2–a2b1(.

a(b has magnitude equal to the area of the parallelogram spanned by a and b, which equals |a| |b| sin (, where ( is the angle between a and b, and a(b has direction perpendicular to both a and b.  In the case where a and b are parallel, a(b is the zero vector; otherwise, a and b determine a plane, and a(b points along the unique line perpendicular to that plane, in the direction that makes the vector triple a, b, and a(b satisfy the right-hand rule.

What is a(a?

..?..

..?..

0.

Algebraically: 
..?..

..?..

(a2a3–a3a2, a3a1–a1a3, a1a2–a2a1( = (0,0,0(.

Geometrically: 

..?..

..?..

The “parallelogram” spanned by a and itself has area 0, so a(a has magnitude 0.

Or: 

..?..

..?..

a and a are parallel, so a(a = 0.

What is the relationship between a(b and b(a?

..?..

..?..

They are negatives of each other, i.e. they add up to 0.

Algebraic argument:

(a2b3–a3b2, a3b1–a1b3, a1b2–a2b1( and

(b2a3–b3a2, b3a1–b1a3, b1a2–b2a1( add up to (0,0,0(.

Geometric argument:

..?..

..?..

If a and b are parallel, a(b and b(a are both 0.

Otherwise, a and b determine a plane, and a(b and b(a both are perpendicular to this plane.

Why do a(b and b(a have the same magnitude?

..?..

..?..

The parallelogram spanned by a and b has the same area as the parallelogram spanned by b and a (it’s the same parallelogram!).

Why do a(b and b(a point in opposite directions?

..?..

..?..

The right-hand rule.  Switching thumb and index-finger makes the middle finger point the opposite way.

[Show Stewart’s animations: 10.2, 10.3, 10.4]

Why is it that if a ( (b ( c) = 0, then a, b, and c are coplanar?

..?..

..?..

b ( c must be perpendicular to a, and since b ( c is also perpendicular to b and c, the vectors a, b, and c are all perpendicular to b ( c;

so a, b, and c must be coplanar (specifically, they lie in the plane perpendicular to b ( c).

This analysis presupposes that b ( c is not the zero vector.

How do we prove the claim in the case where b ( c is the zero vector?

..?..

..?..

b and c and parallel (they lie on a line), so a, b, and c lie in a plane.
Conversely, if a, b, and c are coplanar, a ( (b ( c) must be 0, as we’ll now see.

The triple product:

a ( (b ( c) = the signed volume V of the parallelepiped spanned by a, b, and c (which vanishes if a, b, and c are coplanar).

More precisely, the triple product equals +V or –V, according to whether …

..?..

..?..

a, b, and c form a right-handed triple or a left-handed triple.

We have a ( (b ( c) = b ( (c ( a) = c ( (a ( b), because …

..?..

..?..

we’re just looking at the same parallelipiped in three different ways, and using the fact that the triples b,c,a and c,a,b have the same handedness as the triple a,b,c [check this by “hand-waving”].

It’s also true that a ( (b ( c) = (a ( b) ( c; why?

..?..

..?..

a ( (b ( c) = c ( (a ( b) = (a ( b) ( c.

Or use Stewart’s proof of Property 5 in Theorem 8.

Note that if any two of the three vectors a, b, c are parallel, or more broadly if they all lie in some plane, then the volume of the parallelipiped is 0, and the triple product vanishes.

[If time permits, show students proof of formula for area of parallelogram]

[Have students do work-sheets]

