Who’s looked at the solutions to the first assignment?

..?..

..?..

Was it helpful?

[Collect section summaries for 10.5.]

Section 10.5: Equations of lines and planes

Main ideas:


..?..

· Three ways to describe a line:

· Vector (parametric) equations: 

· r = [O(P0] + td, with P0 a point on the line and d a direction vector pointing in the direction of the line
· Symmetric equations: 

· (x – x0) / a = (y – y0) / b = (z – z0) / c, where (x0, y0, z0) is a point on the line and (a, b, c( determines which way the line points 

· Two-point vector equation: 

· r = [O(P0] + t [P0(Q0], with P0, Q0 points on the line

· Three ways to describe a plane:

· Vector equation: n ( (r – [O(P0]) = 0, with P0 a point on the plane and n a normal vector (note that it can also be written n ( r = n ( [O(P0]

· Scalar equation: ax + by + cz + d = 0

· Parametric equations: r = [O(P0] + sa + tb.

[Stress that these equations are not unique.]

Let’s review parametric representation of lines in R2 before generalizing to R3.

Recall that in 2 dimensions, a line can be determined by a point and a slope.  Say that the point is the intercept with the vertical axis.

That is, if the line is y = mx + b, say the point is P0 = (0,b) with position vector r0 = (0,b(.

We can write the line parametrically as x = t, y = mt + b.

Writing r = (x, y( and r0 = (0, b(, we have

r = (x, y( = (t, mt+b( = (0,b( + t (1,m( = r0 + td, 

where d = (1,m( is a vector with slope m.

[Ask the students individually to draw the line passing through (1,2) in the direction of i – 2j and then write parametric equations for this line in the form r = r0 + td.]
Back in 3-space: What is the parametric equation of a plane through the origin generated by vectors a and b?

..?..

..?..

r = sa + tb.

We can verify that this is indeed a plane, using the cross-product, by checking that r ( (a ( b)  = 0 for all r of the form sa + tb.  [Have the students do it.]

More generally, the parametric equation of a plane through the point P0 in the direction of the vectors a and b is

..?..

..?..

r = r0 + sa + tb, where r0 = [O(P0​].
How can we find the equation of a plane containing three non-collinear points P0, Q0, and R0?

..?..

..?..

One way is to form the normal vector n = a ( b, where 
a = [P0(Q0] and b = [P0(R0], and use the vector equation n ( r = n ( [O(P0].

Another way is to use the parametric equation 
r = [O(P0] + ta + sb,

where a = [P0(Q0] and b = [P0(R0].

Verify that the points given by the parametric equation also satisfy the vector equation:

..?..

..?..

n ( r = n ( ([O(P0] + sa + tb)
        = n ( [O(P0] + n ( sa + n ( tb 
        = n ( [O(P] = n ( r0
(why do n ( sa and n ( tb vanish?

..?..

..?..

because n, being the cross product of a and b, is orthgonal to both a and b, and hence orthgonal to both sa and tb).

[Re-do Example 5 on page 570 (find the plane passing through P(1,3,2), Q(3,–1,6), and R(5,2,0) using parametric equations), and then find the equation of the plane.] 
Another way to solve part (b) of Example 6 in the book (as Stewart mentions in a comment in the margin) is to solve linear equations: We are asked to find the intersection L of the planes x + y + z = 1 and x – 2y + 3z = 1.  View z as a fixed quantity and think of this as a pair of equations in two unknowns (x and y) that we can solve (in terms of z).

E.g., subtracting the two equations gives 3y – 2z = 0, so y = (2/3)z, so x = 1 – y – z = 1 – (2/3)z – z = 1 – (5/3)z.  Hence (x, y, z( = (1–(5/3)z, (2/3)z, z( = (1–5t, 2t, 3t( with t = z/3.  This gives us the line in parametric form.  To turn this into symmetric form, solve each of the equations x =1–5t, y=2t, z=3t for t, and equate the resulting expressions: (x–1)/5 = 

–y/2 = –z/3.
[Discuss Exercise 1 if time permits.]

