Section 10.7: Vector functions and space curves (cont’d)

Main ideas of 584–588?

..?..

..?..

· The vector derivative and the unit tangent vector

· Properties of the derivative (Theorems 4 and 5)

· The definition of the tangent line to a space curve

· The geometric interpretation of the tangent vectors for smooth curves

· Integrals of vector functions

The unit tangent vector T(t) is defined as r((t)/|r((t)| (note that this only makes sense if |r((t)| ≠ 0, and note that it is dimensionless).

Consider the curve r(t) = (sin t cos t, cos2 t, sin t(.

Why is |r(t)| constant? …

..?..

..?..

sin2 t cos2 t + cos4 t + sin2 t = …

cos2 t (sin2 t + cos2 t) + sin2 t = …

cos2 t + sin2 t = …

1.

What does this tell us about the angle between r(t) and T(t)? …

..?..

..?..

Hint: Use Example 11.

..?..

..?..

Example 11 tells us that if |r(t)| is constant (as is the case here), r(t) is orthogonal to r((t).  But T(t) points in the same direction as r((t), so r(t) is orthogonal to T(t) as well.

(This would be tedious to show directly by computing T(t) explicitly and then computing r(t) ( T(t)!)

So the angle between r(t) and T(t) is 90 degrees.

Also note that since |T(t)| is constantly 1, Example 11 tells us that T(t) is orthogonal to T((t).

Verify this directly for the simpler example 
r(t) = cos t i + sin t j:

r((t) = – sin t i + cos t j
|r((t)|2 = (sin t)2 + (cos t)2 = 1

|r((t)| = 1

T(t) = r((t)/|r((t)| = r((t) = – sin t i + cos t j
T((t) = – cos t i – sin t j
Algebraically, we have T(t) ( T((t) = 

(– sin t)(– cos t) + (cos t)(– sin t) = 0

Geometrically: For uniform circular motion, the velocity vector is out of phase with the position vector, lagging by 90 degrees; and the acceleration vector is out of phase with the velocity vector, lagging by an additional 90 degrees.

Compare r(t) = (t3, t6( with s(t) = (t2, t3(.

In each case, ask: Is it smooth at t=0?  Does it have a cusp at (0,0)?

..?..

..?..

r((0) = s((0) = 0, and hence neither is smooth.

s(t) has a cusp when t=0 at (0,0), but r(t) does not.  [Sketch.]

It can be shown that as long as r((t) is a continuous function of t, and never vanishes (i.e., never equals 0), the path traced by the head of the vector r( is a smooth curve.  This fact underlies and motivates the definition of a “smooth parametrization” (see the bottom of page 593).

Another example to think about in this regard is the parametrization r(t) = (t|t|, t2(.  Note that it is not smooth in Stewart’s sense, since r((0) = 0.  Also note that as t goes from –1 to 0 to 1, the head of the position vector r(t) travels from (–1,1) to (0,0) to (1,1) along the (non-smooth) curve y = |x|, which has a corner at the origin.

Examples like this are why we often insist not only that r(t) is differentiable and that r((t) is continuous but also that r((t) avoids taking the value 0.  (See section 10.8.)
(Side note: Does “r(t) is differentiable” imply that “r((t) is continuous”?  

..?..

..?..

No; as we learned in 92.141, there are functions like 


  {x2 sin 1/x
if x ≠ 0,

f(x) = { 


  {0


if x = 0

that are differentiable everywhere but whose derivative has one or more discontinuities.

Individual work: Find the tangent line to 

r(t) = (sin (et (), cos (et (), et( 

at t=0.

..?..

..?..

(0,1,1( + t(–(, 0,1(.

Show TEC animation “The Unit Tangent Vector” (Curves 1 and 3)

Group work problem:

Consider a vector function v(t) = (f(t),g(t),h(t)(.  Is it necessarily true that |v((t)| = |v(t)|( for all t?  Why or why not?  (Try to give an answer that avoids messy calculations, since they’re unenlightening and error-prone.)

