[Collect HW and section summaries]

[Hand out time-sheets]

Section 10.8: Arc length and curvature (continued)
Problem: What is the length of the curve traced out by 

r(t) = sqrt(3)et i + cos et j + sin et k 

as t goes from 0 to 1?

..?.. 

..?..

r((t) = …

..?..

..?..

sqrt(3)et i – et sin et j + et cos et k
|r((t)|2 = …

..?..

..?..

(sqrt(3)et)2 + (et sin et)2 + (et cos et )2 =

3e2t + e2t sin2 et + e2t cos2 et  = …

3e2t + e2t (sin2 et + cos2 et ) = …

..?..

..?..

3e2t + e2t = 4e2t
so |r((t)| = 2et
and L = (ab |r((t)| dt = (01 2et dt = 2et |01 = 2e – 2.
To see that arc length is independent of parametrization, consider the two vector functions

r1(t) = (t, t2, t3(


1 ( t ( 2

and

r2(u) = (eu, e2u, e3u( 

0 ( u ( ln 2

(equations 4 and 5 on page 592 of Stewart).

Since they represent the same arc of the twisted cubic, the lengths L1 and L2 given by equation 3 on page 592 had better be equal!

Check:

L1 = … (just set up the integral; don’t evaluate it)

..?..

..?..

(12 sqrt(1+4t2+9t4) dt
L2 = … (just set up the integral)

..?..

..?..

(0ln 2 sqrt(e2u + 4e4u +9e6u) du
How can we see that L1 and L2 are equal?

..?..

..?..

Change of variables: t = eu​​​, dt = eu du
(12 sqrt(1+4t2+9t4) dt = (ln 1ln  2 sqrt(1+4e2u+9e4u) eu du
= (0ln  2 sqrt(e2u +4e4u+9e6u) du.

[Omit this year:]

Parametrize the line (i+j+k)t by arc-length, with the origin (which corresponds to t=0) also corresponding to s=0:

Since s(0) = 0, we have 

s(t) = (0t |r((u)| du = (0t sqrt(3) du = sqrt(3) t; 

so writing t = s/sqrt(3) we get the parametrization 

(i+j+k)s/sqrt(3).

An intuitive description of ( = |T((t)|/|r((t)|:

Since the length of T is constant, |T((t)| is the rate of change of direction, or turning, of the unit tangent, and |r((t)| measures the speed along the curve.

So ( is the rate of turning of the unit tangent divided by the speed along the curve.

Since T is dimensionless, |T((t)| has units of 1/time; and since r((t) has units of length, |r((t)| has units of length/time; so ( has units of (1/time)/(length/time) = 1/length.
For a circle in the plane parametrized in the standard way, r(t) = (a cos t, a sin t(, the angle of the unit tangent will change by 2( as we go around the circle (2( radians), so that rate of turning is 2( / 2( = 1, and the speed |r((t)| = a is the radius of the circle.  Therefore ( = 1/radius. 
(Check: the radius has units of length, so ( has units of 1/length.)
For a straight line, the unit tangent vector never turns, so ( = 0.

Note that you can think of ( in this case as 1/infinity, if you’re willing to think of a line as a circle of infinite radius.

Just as we define T(t) = r((t)/|r((t)| (the normalized rate of change of the r-vector), we define N(t) = T((t)/|T((t)| (the normalized rate of change of the T-vector); it is called the normal vector, and it is the unit vector that points in the direction of T((t).  Since  |T(t)| is constant (and indeed equals 1) for all t, T((t) is orthogonal to T(t), and since N(t) points in the direction of T((t), we see that N(t) is orthogonal to T(t).  It always points towards the center of the osculating circle, and ceases to be well-defined where the curve has a point of inflection (since those are the points where T((t) is 0).

Consider the curve r(t) = (e–t cos t, e–t sin t, e–t( , t ( 0.

Check that this curve spirals down to the origin along the surface z2 = x2 + y2 as t goes to infinity.

On the homework you’ll show that the curvature goes to infinity as t does.

[Omit this year: Discuss problems 29 and 35.]
Section 10.9: Motion in space: velocity and acceleration

Main ideas?

..?..

· Definitions of velocity and acceleration as vector functions, via differentiation

· How to derive velocity from acceleration and position from velocity, via integration

[Show “Velocity and Acceleration Vectors” (Curves 1, 2, and 4)]

Compute velocity and acceleration vectors for 

r(t) = (cos t, sin t, t( 

and 

s(t) = (cos t, sin t, t2(.  

Also compute the magnitude of the acceleration vector in each case.

r(t) = (cos t, sin t, t(
r( = …

..?..

..?..

r( = (–sin t, cos t, 1(
r((  = …

..?..

..?..

r((  = (–cos t, –sin t, 0(
|r((| = …

..?..

..?..

|r((| = 1 (independent of t)

s(t) = (cos t, sin t, t2(
s( = …

..?..

..?..

s( = (–sin t, cos t , 2t(
s(( = …

..?..

..?..

s(( = (–cos t, –sin t, 2(
|s((| = …

|s((| = sqrt(5) (independent of t)

Describe in words those curves r(t) for which a(t) is parallel to v(t) for all t.

..?..

..?..

Linear motion, r(t) = r0 + f(t) u.

(Check: v(t) = r((t) = f ((t) u, and a(t) = v((t) = f (((t) u, all three of which are parallel.)

Describe in words those plane curves r(t) for which a(t) is orthogonal to v(t) for all t.

..?..

..?..

Uniform circular motion.  And …

..?..

..?..

Linear motion at constant speed (a(t) = 0).

Anything else?

..?..

..?..

Think about this for next time!

