Section 11.2: Limits and continuity

[Collect section summaries]

Main ideas?

..?..

..?..

Unofficial, “path” definition of limits: We say that lim(x,y)((a,b) f(x,y) = L iff for along every path in the plane that approaches (a,b), f(x,y) approaches L.

Example: Let f(x,y) = 1/(1+x2+y2).  As (x,y) ( (0,0), we have x2+y2 ( 0, so lim(x,y)((0,0) 1/(1+x2+y2) = 1.
Limits in multivariate calculus aren’t as simple as limits in single variable calculus, because there are only two ways for x to approach a, but lots of ways for (x,y) to approach (a,b)!

Consider the function xy/(x2+y2).

[Show TEC animation “Limit that Does Not Exist”.]

Here’s another example: f(x,y) = (x2–y2)/(x2+y2).

If we let (x,y) approach (0,0) along the x-axis, f(x,y) approaches …

..?..

..?..

the limit 1.  (Indeed, for all (x,y) on the x-axis other than the point (0,0), f(x,y) is equal to 1.)

If we let (x,y) approach (0,0) along the y-axis, f(x,y) approaches …

..?..

..?..

the limit –1.

So lim(x,y)((0,0) (x2–y2)/(x2+y2) DOES NOT EXIST.

Suppose f(x,y) is some function such that f(x,y) approaches L as (x,y) approaches (0,0) along the x-axis, and f(x,y) approaches the same limit L as (x,y) approaches (0,0) along the y-axis.

Can we conclude that f(x,y) approaches L as (x,y) approaches (0,0) along any path?

..?..

..?..

No; for instance, take f(x,y) = xy/(x2 + y2).

If (x,y) approaches (0,0) along the x-axis, f(x,y) approaches 0, and if (x,y) approaches (0,0) along the y-axis, f(x,y) approaches 0, but, if (x,y) approaches (0,0) along the line y=x, f(x,y) approaches …

..?..

1/2.

Now suppose f(x,y) is some function such that f(x,y) approaches L as (x,y) approaches (0,0) along every radial path to the origin.  Now can we conclude that f(x,y) approaches L as (x,y) approaches (0,0) along any path?

..?..

..?..

No; see Example 3 from Stewart.

So, how do we prove limit-assertions about functions of two or more variables (now that we know that looking at limits along radial paths to the origin isn’t enough)?

..?..

..?..

Four common methods:

#1. Separate variables to reduce to one-dimensional limit problems.

#2. Change variables and then apply #1.

#3. Use algebraic limit laws to prove limit-assertions about complicated functions from limit-assertions about the constituents of those functions.

#4. Use the squeeze theorem to prove limit-assertions about functions that are squeezed between two functions whose limits we already understand.

Example of #1: Let f(x,y) = cos x sin y.  Then 
lim(x,y)((0,0) cos x sin y = 

[lim(x,y)((0,0) cos x] [lim(x,y)((0,0) sin y] =

[limx(0 cos x] [limy(0 sin y] = [1] [0] = 0.

Example of #2: Let f(x,y) = x2 (sin x2+y2) / (x2 + y2).  Changing from Cartesian to polar coordinates, we have 

lim(x,y)((0,0) x2 (sin x2+y2) / (x2+y2) = 

lim(r,()((0,0) (r2 cos2 () (sin r2)/(r2) = 

lim(r,()((0,0) (cos2 () (sin r2), etc. (separate variables).

Example of #3: Let f(x,y) = ecos(x+y).  As (x,y) ( (0,0), we have x+y ( 0,  so cos(x+y) ( 1,  and so ecos(x+y) ( e.

Example of #4: Let f(x,y) = 3x2|y|/(x2+y2).  We can guess numerically that lim(x,y)((0,0) f(x,y) = 0.  To prove it, let 

g(x,y) = 3|y| and h(x,y) = 0 (these choices are not obvious but they are not miraculous either; they come from experience).  We have lim(x,y)((0,0) g(x,y) = lim(x,y)((0,0) h(x,y) = 0, and h(x,y) ( f(x,y) ( g(x,y) for all (x,y), so the squeeze theorem tells us that lim(x,y)((0,0) f(x,y) = 0.

There’s a more rigorous and formal approach to multivariate limits, which I want to briefly discuss.

There are two ways to define limits with epsilons and deltas, which look different but turn out to be equivalent.

Recall the definition of limits for single-variable functions y = f(x): We say limx(a f(x) = L iff, for every ( > 0 that Adam can pick, Eve can draw a little “window” (a–(, a+() centered on a such that |f(x) – L| < ( for all x in Eve’s window (except possibly x = a itself).

[Remind the students that “|f(x)–a| < (” means “f(x) and a differ by less than (”.]

How should we define limits for two-variable functions z = f(x,y)?

Here are two possible definitions of continuity, based on what kind of window we use (a box or a disk).

Box definition of limits: We say lim(x,y)((a,b) f(x,y) = L iff, for every ( > 0 that Adam can pick, Eve can draw a little rectangular window {(x,y): x in (a–(1, a+(1), y in (b–(2, b+(2)} centered at (a,b) such that |f(x,y) – L| < ( for all (x,y) in Eve’s window (except possibly (x,y) = (a,b) itself).  [Draw picture.]

Disk definition of limits: lim(x,y)((a,b) f(x,y) = L iff, for every ( > 0 that Adam can pick, Eve can draw a little circular window {(x,y): (x–a)2+(y–b)2 < (2} centered on (a,b) such that |f(x,y) – L| < ( for all (x,y) in Eve’s window (except possibly (x,y) = (a,b) itself).  [Draw picture.]

These two definitions turn out to be equivalent: 

If Eve has a way of beating Adam in the box game (where she draws a little box around (a,b)), she has a way of beating Adam in the disk game (where she draws a little disk around (a,b)), because every little box centered on (a,b) contains a little disk centered on (a,b).  

Conversely, If Eve has a way of beating Adam in the disk game, she has a way of beating Adam in the box game, because every little disk centered on (a,b) contains a little box centered on (a,b).

It can be shown (though we won’t cover the proof) that if lim(x,y)((a,b) f(x,y) = L in the box-game sense (or equivalently in the disk-game sense), then lim(x,y)((a,b) f(x,y) = L in the path-sense; that is, given functions x=g(t) and y=h(t) that are continuous at c, with g(c) = a and h(c) = b, we have limt(c f(g(t),h(t)) = L.
