[Hand out time sheets; collect section summaries]

[Give Matt $1]
Section 11.3: Partial derivatives

Main ideas?
..?..

..?..

· Definition of partial derivatives

· Geometrical meaning of partial derivatives as slopes of traces

· Higher partial derivatives

· How to estimate partial derivatives

· Using partial derivatives to estimate values of a function

· How to compute partial derivatives

· Partial differential equations

· Clairaut’s Theorem

[Discuss definitions 1, 2, 3, and 4 on page 633, and the variant notations f1(x,y) and f2(x,y).]
Given a function f(x,y) with domain R2, we can write its graph as

{(x, y, z): x,y,z in R, z = f(x,y)} 

or 

{(x, y, f(x,y)): x,y in R}.
(If the domain of f is some subset D of R2, the graph of f is 

{(x, y, f(x,y)): (x,y) in D}; for simplicity we’ll assume D = R2.)

We can intersect this surface with the plane y = b, obtaining the trace 

{(x, b, f(x,b)): x in R}.  

Write this trace as 

{(x, b, g(x)): x in R} 

where g(x) is defined as f(x,b). If we look at this trace as a 2-dimensional curve in the plane y = b, we can look at the tangent to the curve at the point P = (a, b, c) = (a, b, g(a)).  The slope of this tangent line is g((a), which was Stewart’s definition of f1(a,b), and so we can interpret f1(a,b) as the slope of this line.  Likewise f2(a,b) is the slope of the tangent to the trace of the surface z = f(x,y) with respect to the plane x = a.

The function f1 and f2 are called the partial derivatives of f with respect to its first and second arguments, respectively.

We can take partial derivatives of partial derivatives: 

(f1)1, (f1)2, (f2)1, and (f2)2.  We write these more concisely as f11, f12, f21, and f22.

To estimate f1(a,b), choose a value of h close to 0 (it could be positive or negative) and estimate the difference quotient [f(a+h,b) – f(a,b)]/h.  Similarly for f2(a,b).

Partial derivatives give us a multivariate version of the formula


f(a+Δx) ≈ f(a) + f ((a) Δx
from Honors Calc I; specifically,


f(a+Δx, b+Δy) ≈ f(a, b) + f1(a, b) Δx + f2(a, b) Δy
Group Work 2: “Back to the Park”

One reason partial derivatives are important is that many physical systems evolve in time according to partial differential equations.  An example is the (one-dimensional) wave equation:

(2u/(t2 = a2 (2u/(x2
Example 9 asks you to verify that the function 

u(x,t) = sin(x–at) 

satisfies the wave equation.

It can be shown that for any twice-differentiable single-variable function g, the two-variable function 

u(x,t) = g(x–at) 

satisfies the wave equation.

Physically, this is a pulse moving to the right at speed a.

Likewise, for any twice-differentiable single-variable function f, the two-variable function 

v(x,t) = f(x+at) 

satisfies the wave equation.

Physically, this is …

..?..

..?..

a pulse moving to the left at speed a.

One important feature of the wave equation is linearity: If u(x,t) are v(x,t) are solutions, so is u(x,t)+v(x,t) (and more generally a u(x,t) + b v(x,t) for any coefficients a,b).  Therefore the function

f(x+at) + g(x–at)

(a superposition of a left-moving pulse and a right-moving pulse) is a solution to the wave equation.

You’ll be asked to show this directly in problem 11.3.65.
