Section 11.3: Partial derivatives (concluded)
To compute fx(x,y), we take the derivative with respect to x in the ordinary way, treating y as a constant.  Vice versa for fy(x,y).

Example: Let f(x,y) = |x|.

What is f1(x,y)? …

..?..

..?..

It’s 1 for x > 0, and –1 for x < 0, and undefined for x = 0.

[Sketch it.]

What is f12(x,y)? …

..?..

..?..

It’s 0 for x > 0, and 0 for x < 0, and undefined for x = 0.

What is f2(x,y)? …

..?..

..?..

It’s 0 for all x,y.

What is f21(x,y)? …

..?..

..?..

It’s 0 for all x,y.

Are the functions f12 and f21 the same? …

..?..

..?..

No; e.g., f21(0,0) = 0 but f12(0,0) is undefined.

With more effort, one can cook up an example of a function f (x,y) for which f12(0,0) and f21(0,0) are both defined but are unequal, namely


      {(x3y–xy3)/(x2+y2)  if (x,y) ( (0,0)

f(x,y) =  {


      {0                          if (x,y) = (0,0)

(see problem 11.3.83 for details).

For this function f, the function f1(x,y) is everywhere differentiable with respect to y, but its partial derivative f12(x,y) is not continuous!  (And similarly for f2(x,y).)

This should remind you of the single-variable function g(x) = x2 sin 1/x from Honors Calc I whose continuous extension to R is differentiable but has a discontinuous derivative. 

Clairaut’s Theorem says that (in contrast to the example in problem 11.3.83), f12(a,b) and f21(a,b) must be equal, as long as the functions f12 and f21 are not only defined at (a,b) but are also defined in a neighborhood of the point (a,b) and in fact are continuous in a (disk-shaped) neighborhood of (a,b).
Note that this is different from Stewart’s way of stating Clairaut’s Theorem; Stewart doesn’t require that (a,b) is in the interior of D.  We’ll return to this issue later.

Suppose that f(x,y) is continuous everywhere.  Assume that fx(1,1) = 2,  fy(1,1) = –2,  and fxy(1,1) = 3.  Is it possible to compute fyx(1,1) from this information alone? …

..?..

..?..

No; in order to be able to apply Clairaut’s Theorem, we would need to know that fxy and fyx are continuous in a disk containing (1,1).

In the case where f12 and f21 are both continuous (and hence by Clairaut’s Theorem equal to one another), the proof gives us an alternative way to think about the common value of f12(a,b) and f21(a,b): it’s the limit of

(*)
[f(a+h,b+h) – f(a+h,b) – f(a,b+h) + f(a,b)] / h2
as h goes to 0.  [Draw picture.]

Likewise, if f1 is continuous, then

f11(a,b) = limh(0 [f(a+h,b) – 2f(a,b) + f(a–h,b)] / h2
and if f2 is continuous, then

f22(a,b) = limh(0 [f(a,b+h) – 2f(a,b) + f(a,b–h)] / h2
[Go carefully through the proof of Clairaut’s Theorem on pages A35–36.
Anyone see a problem with it?

..?..

..?..

In order for his proof to work, we need ((h) to be defined for values of h close to 0; otherwise we can’t take the limit of ((h)/h2 as h goes to 0.  But note that if (say) (a,b) is the topmost point of the disk D, then ((h) isn’t defined for ANY values of h (other than h=0), because f(a+h,b) is undefined for all h ( 0.  

The fix is to modify the statement of Clairaut’s Theorem so that D is an open disk.

Then it indeed becomes the case that ((h) is well-defined when h is close enough to 0, and then the proof goes through.

