[Collect section-summaries for section 11.4]

Section 11.4: Tangent planes and linear approximation

Main ideas? …

..?..

..?..

· The tangent plane and its analogy with the tangent line

· Approximation along the tangent plane and its analogy with approximation along the tangent line

· Linearization of a function at a point

· The meaning of differentiability in R2 and R3
· The total differential

· The difference between f being differentiable and the existence of fx and fy (and fz, in the case of R3)

In an earlier lecture we used the formula
f(a+(x, b+(y) ( f(a, b) + f1(a, b) (x + f2(a, b) (y
when estimating the value of A(320,310) given estimates of A(300,300), Ax(300,300), and Ay(300,300) (using a = b = 300, (x = 20, and (y = 10).
But strictly speaking our argument relied on the assumption that Ay(320,300) is close to Ay(300,300), or that Ax(300,310) is close to Ax(300,300).  [Draw sketch.]

That is, we assumed that the partial derivatives Ax and Ay were continuous.

More formally, we were relying on the following theorem (Theorem 11.4.8):

Theorem: If f(x,y) is a continuous function that is differentiable w.r.t. x and w.r.t. y, such that f1(x,y) and f2(x,y) both exist in a neighborhood of (a,b) and are both continuous at (a,b), then f is differentiable at (a,b), where we say:

Definition: The function f(x,y) is differentiable at (a,b) iff 

f(a+(x, b+(y) 

can be written in the form

f(a, b) + f1(a,b) (x + f2(a,b) (y + (1 (x + (2 (y
where (1 = (1((x, (y) and (2 = (2((x, (y) both go to 0 as ((x, (y) goes to (0,0).

(Compare: The function f(x) is differentiable at a iff 

f(a+(x) 

can be written in the form

f(a) + f ((a) (x + ( (x 
where ( = (((x) ( 0 as (x ( 0.

Why is this “iff” statement true?

..?..

..?..

The equation 

f(a+(x) = f(a) + f ((a) (x + ( (x
can be rewritten successively as

f(a+(x) –  f(a) = f ((a) (x + ( (x,

[f(a+(x) –  f(a)] – f ((a) (x = ( (x, and

[f(a+(x) –  f(a)]/(x – f ((a) = (,

so (((x) is just [f(a+(x) –  f(a)]/(x – f ((a);

so when we say “(((x) ( 0 as (x ( 0”, that just means that 

[f(a+(x) –  f(a)]/(x – f ((a) ( 0 as (x ( 0, 

or that 

[f(a+h) –  f(a)]/h – f ((a) ( 0 as h ( 0; 

but this is equivalent to the assertion

limh(0 [f(a+h) –  f(a)]/h – f ((a) = 0,

which is equivalent to the assertion

limh(0 [f(a+h) –  f(a)]/h = f ((a),

which is precisely the definition of f ((a).)

We’ll give an outline of the proof of Theorem 11.4.8 (minus all the algebraic details) if time permits.

If the hypothesis of Theorem 11.4.8 is satisfied at (x,y) = (a,b), then we say that the plane

z – c = fx(a,b) (x – a) + fy(a,b) (y – b)

(with c = f(a,b))

is the tangent plane to the surface z = f(x,y) at the point (a,b,c), and we say that the function

L(x,y) = f(a,b) + fx(a,b) (x – a) + fy(a,b) (y – b)

is the linearization of f at (a,b).  The approximation


f(x,y) ( L(x,y)

is called the linear approximation to f at (a,b).
We can phrase this in terms of the notion of differentials discussed in Honors Calc I; writing x–a as dx and y–b as dy, where dx and dy are independent variables, we can introduce a dependent variable dz (called the total differential) defined as 

dz = fx(a,b) dx + fy(a,b) dy.
In the notation of differentials, our remarks about linear approximation can be written compactly as

(z ( dz
where (z is defined as f(x+dx,y+dy) – f(x,y).

It must be stressed that if fx and fy aren’t both continuous at (a,b), then f may not be differentiable at (a,b), and the tangent plane may not exist.

A good example of this is the function

             {(x–y)2 / (x2+y2)  if (x,y) ( (0,0),

f(x,y) = {

             {            1           if (x,y) = (0,0).

Here f(x,0) = 1 for all x and f(0,y) = 1 for all y, so fx(0,0) and fy(0,0) are

..?..

..?..

both 0 at (0,0), so you might think the tangent plane is …

..?..

..?..

the plane z=1, but the constant function 1 fails to be a good approximation to the function f(x,y) near (0,0), no matter how close to (0,0) we look.  

For example, along the line y = x passing through (0,0), 

f(x,y) takes the value …

..?..

..?..

0, not 1!

Plan of proof of Theorem 11.4.8 (pages A36–A37) [skip this if time is running short]: By applying the Mean Value Theorem to the function g(x) = f(x,b+(y) and again to the function h(y) = f(a,y), one can find numbers u and v, with u in (a,a+(x) and v in (b,b+(y), such that 

f(a+(x, b+(y) = f(a,b) + fx(a,b) (x + fy(a,b) (y 

   + (1 (x + (2 (y 

where

(1 = fx(u,b+(y) – fx(a,b)

and 

(2  = fy(a,v) – fy(a,b),

both of which can be shown to go to 0 as ((x, (y) goes to (0,0). 

Questions on section 11.4?

[Collect notes on section 11.5.]

Section 11.5: The (multivariate) chain rule

Main ideas?

..?..

..?..

· The extension of the chain rule to functions of several variables

· Tree diagrams

· Implicit differentiation

· Implicit function theorem

General set-up for chain rule: We have independent variables, intermediate variables (which are given as functions of the independent variables), and a dependent variable (which is given as a function of the intermediate variables), and we want to see how a change in some independent variable affects the dependent variable.

Simplest case: Suppose z = f(x(t),y(t)).

Independent variable(s)?

..?..

..?..

t.

Intermediate variable(s)?

..?..

..?..

x and y.

Dependent variable?

..?..

..?..

z.
The chain rule in this case tells us that dz/dt =

..?..

..?..

((z/(x)((x/(t)+((z/(y)((y/(t).

Note that in the above formula, (x/(t can be written as dx/dt, and likewise (y/(t can be written as dy/dt, because the intermediate variables x and y each depend on a single independent variable, namely t.  But since z depends on two variables (x and y), we can’t write (z/(x as dz/dx or write (z/(y as dz/dy.
Example: Let x = cos t, y = sin t, z = x2 + y2.

dz/dt = ((z/(x)((x/(t)+((z/(y)((y/(t)

         = (2x)(–sin t) + (2y)(cos t) 

         = (2 cos t)(–sin t) + (2 sin t)(cos t)

         = 0.

This means that as t changes, z doesn’t change at all!

Why does this make sense?

..?..

..?..

z = x2 + y2 = (cos t)2 + (sin t)2 = 1 for all t.

The general version of the chain rule (with m independent variables and n intermediate variables) is on page 652. 

Some of the terms in this formula vanish; particularly, ((u/(xj)((xj/(ti) vanishes if xj doesn’t depend on ti.

It is often handy to keep track of the dependencies in a tree diagram.  In our t,x,y,z example, the diagram is just

     z

   /    \

x       y 

    \   /

      t
This is not a tree, and it’s not how Stewart does it!

