Section 11.5: The (multivariate) chain rule (concluded)
My notes on implicit differentiation and the implicit function theorem are not structured well.  Restructure them next time to make more pedagogical sense.

Implicit differentiation revisited: Suppose (a,b) is a point on the circle x2 + y2 = 1 (so that a2 + b2 = 1).  As long as (a,b) isn’t the point (–1,0) or the point (1,0), there exists a differentiable function f defined on some open interval containing a such that f(a) = b and x2 + [f(x)]2 = 1 [sketch].

Specifically, if b > 0, then f is the function f(x) = sqrt(1–x2),  while if b < 0, then f is the function f(x) = –sqrt(1–x2).

(In this case we were able to find a formula for f(x), but for other examples we can’t find a formula and we rely on the Implicit Function Theorem to assure us that a function f with the required properties exists.)

We’d like to be able to differentiate f.

Write x2 + y2 = 1, where now we think of x as the independent variable, x and y as intermediate variables, and z = x2 + y2 as the dependent variable.   [Draw tree diagram.]

By the chain rule,

dz/dx = ((z/(x) ((x/(x) + ((z/(y) ((y/(x)

          = (2x) (1) + (2y) (f ((x))

          = (2x) (1) + (2f(x)) (f ((x))

But since z ( 1 (i.e., z is identically 1),

dz/dx = 0.

So

(2x) (1) + (2f(x)) (f ((x)) = 0

and solving for f ((x) we get

(f(x)) (f ((x)) = –x
and


f ((x) = –x/f(x).

(You can check that this is true for both f(x) = sqrt(1–x2) and f(x) = –sqrt(1–x2).)

More generally, if y = f(x) is determined implicitly by the equation F(x,y) = 0, then dy/dx = –Fx/Fy.

(Check: If F(x,y) = x2 + y2 – 1, then Fx = 2x and Fy = 2y, and so –Fx/Fy = –x/y.  This makes sense, because the line from the origin to (x,f(x)) has slope y/x, so that the tangent to the graph at (x,f(x)) (being perpendicular to the radius) has slope –1/(y/x) = –x/y.

Implicit differentiation revisited: Suppose (a,b) is a point on the curve C = {(x,y): F(x,y) = 0} (e.g., when the function F(x,y) is x2 + y2 – 1, the curve C is the unit circle), so that F(a,b) = 0.

We’d like to know that there exists a piece of the curve that is the graph of a function and contains the point (a, b).

That is, we’d like to know that there exists a function f defined on some interval (a–r, a+r) (with r > 0) such that f(a) = b and F(x, f(x)) = 0 for all x in (a–r, a+r).

But how can we be sure that the equation F(x,y) = 0 determines y as a function of x in the vicinity of a particular point (a,b) satisfying F(a,b) = 0?

In fact, we’ve seen that this doesn’t work for the points ((1,0) on the circle x2 + y2 = 1!

The Implicit Function Theorem tells us that the equation F(x,y) = 0 determines y as a function of x in the vicinity of a particular point (a,b) satisfying F(a,b) = 0, provided that the following two conditions are satisfied:

Fy(a,b) ( 0

Fx and Fy are continuous on a disk containing (a,b).

For the case F(x,y) = x2 + y2 –1, we have Fx = 2x and Fy = 2y, which are continuous everywhere, so the second condition is satisfied for all (a,b) on the circle;

however, we get Fy(a,b) = 0 when y = 0, which is why the Implicit Function Theorem doesn’t apply at the points ((1,0).

Also, we saw last time that there is a nice formula for the derivative of f at a: –Fx /Fy, that is, –Fx (a,b)/Fy(a,b).

See Stewart for a discussion of how this works when F is a function of three variables, and (a,b,c) is a point on the level surface S = {(x,y,z): F(x,y,z) = 0}, and we seek a function f(x,y) defined on a neighborhood of the point (a,b) in R2 such that the graph of f in R3 is confined to S.
Alvin points out that Stewart’s analysis works just as well for the level surface {(x,y,z): F(x,y,z) = 0}, where C is any constant.

That is, the formulas that Stewart gives apply on all those level sets, as long as the hypotheses of the Implicit Function Theorem are satisfied; that is, as long as we stick to points (a,b) such that Fx and Fy are continuous in a neighborhood of (a,b), and such that Fz(a,b) is non-zero.

In the case where F(x,y,z)=x2+y2+z2, what does the Implicit Function Theorem tell us?

..?..

..?..

Since Fx and Fy are polynomials, they are continuous everywhere, so the hypothesis that really matters is Fz ( 0.

Since Fz = 2z, this is just the hypothesis that z ( 0.

That is, our point (a,b,c) should not lie in the x,y plane.

As long as c ( 0, Alvin’s version of the Implicit Function Theorem applies:

There exists some neighborhood D of (a,b) and some function f defined on D with f(a,b)=c such that F(x,y,f(x,y))=c for all x,y in D (that is, the graph of f(x,y) for (x,y) in D lies on the level set of F(x,y,z) that passes through the point (a,b,c)), and such that f is differentiable at (a,b), with partial derivatives as given by Stewart’s formulas.

