Section 11.6: Directional derivatives and the gradient vector

[Collect notes and hand out time sheets]

Main ideas? …

..?..

..?..

· The geometric meaning of the directional derivative.

· How to compute the gradient vector

· The geometric meanings of a gradient vector: 

· a normal vector to a level surface

· the direction of greatest change

· a perpendicular vector to contour curves and surfaces, 

· a vector with length equal to the maximum magnitude of the directional derivative.

· The relationships between tangent planes, gradient vectors, and directional derivatives.
The directional derivative Du f(x0, y0) of f at (x0,y0) in the direction of the unit vector u = (a,b( equals the limit ...

..?..

..?..

limh(0 [f(x0+ha,y0+hb) – f(x0,y0)]/h if this limit exists.

Geometric meaning: The intersection of the surface 

z = f(x,y) with the vertical plane that passes through P(x0,y0,z0) (z0 = f(x0,y0)) in the direction u is a curve whose slope at P is Du f(x0,y0).

[See TEC animations “Directional Derivatives” and “Maximizing the Directional Derivative”]

Changing the sign of u (i.e., preserving its magnitude while having it point in the opposite direction) has what effect on Du f?

..?..

..?..

It changes the sign of Du f.

Theorem 3: If f is differentiable at (x0,y0), then Duf(x0,y0) is defined for every unit vector u = (a,b( and equals

fx(x0,y0) a + fy(x0,y0) b.

Alternative formula: Recall that the direction of any vector v ( 0 is determined by the unit vector 

u = v / |v| = (cos (, sin (( 

where ( is the angle that v makes with the positive x-axis.  Using this interpretation, the directional derivative formula can be written

Du f = ((f/(x) cos ( + ((f/(y) sin (
The gradient (f of f is defined as ((f/(x) i + ((f/(y) j.

Sometimes people write ( = ((/(x) i + ((/(y) j, and treat it as if it were some kind of vector.
Handy formula: Du f(x,y) = (f(x,y) ( u.

The gradient vector of f at (x0,y0) is perpendicular to the level curves f(x,y) = k:

Consider a point x(t),y(t) moving along the curve.  Then 

0 = (d/dt) f(x(t),y(t)) (why? ..?..)
   = ((f/(x) (dx/dt) + ((f/(y) (dy/dt) (why? ..?..)
   = ((f) ( r((t) (why? ..?..)
so the gradient is perpendicular to the tangent vector.

If (f ( 0, then (f points in the direction of most rapid increase of f:

Du f = (f (x,y) ( u = |(f | |u| cos ( = |(f | cos (, which is maximized when ( = 0.
