[Collect section notes, homework, and time sheets; hand out time sheets]

Section 11.7: Maximum and minimum values

Main ideas?

..?..

..?..

· Absolute maxima and minima

· Local maxima and minima

· Critical points and multivariate version of Fermat’s Theorem

· The Second Derivative Test

· Extreme Value Theorem

Can a differentiable function f have a local minimum at a point (a,b) with fx(a,b) = 3?

..?..

..?..

No; if f is differentiable at (a,b) then fx(a,b) and fy(a,b) both exist, so Theorem 11.7.2 can be applied.

Can a continuous function f have a local minimum at a point (a,b) with fx(a,b) = 3?

..?..

..?..

Theorem 11.7.2 can’t be applied (since we’re not told anything about fy).

But look at the proof of Theorem 11.7.2.

..?..

..?..

Just use the fact that fx(a,b) exists and apply the first half of the proof; we don’t need the condition that fy(a,b) exists.

(That is: Stewart’s proof shows that for a function f with a local max or min at (a,b), if fx(a,b) exists it must equal 0 and if fy(a,b) exists it must equal 0, even though his claim says that if fx(a,b) and fy(a,b) both exist both must equal 0.) 

So, no such f exists.

MORAL: Sometimes the proof of a theorem proves more than just the theorem!

Can a continuous function f have a local minimum at a point (a,b) with fx(a,b) undefined?

..?..

..?..

Sure; take f(x,y) = |x|.

Apply the Second Derivatives Test to z = f(x,y) = (1/2)(ax2+by2), with fxx = a, fyy = b, and fxy = 0.
D = fxx fyy – [fxy]2 = ab.

Hence the three cases are:

..?..

..?..

D > 0, a > 0 gives b > 0 and hence f(x,y) has a local minimum at (0,0).

D > 0, a < 0 gives b < 0 and hence f(x,y) has a local maximum at (0,0).

D < 0, a > 0 gives b < 0 and hence f(x,y) has a saddle point at (0,0).

(The case D < 0, a < 0 gives b > 0: that’s also a saddle point.)

Problem: Find the maximum and minimum of the function f(x,y) = 3x + 4y on the set of points (x,y) with x2 + y2 ( 4.

Note that the gradient of f is never 0, so the maximum value must occur on the boundary.

One way to find these maximum and minimum values is by parametrizing the boundary curve x2 + y2 = 4 by 

x(() = 2 cos ( and y(() = 2 sin ( , where ( is the angle made by the position vector (x((),y(()( with the x-axis, and then optimizing the function g(() = f(x((),y(()).

g(() =

..?..

..?..

6 cos ( + 8 sin (.

(This should remind you of the group-work sheet “Two Ways” that you did last time!)

This function of ( is differentiable everywhere, and therefore achieves its maximum and minimum values at values of ( satisfying 

0 = (d/d() (6 cos ( + 8 sin () = – 6 sin ( + 8 cos (, 

so tan ( = 8/6 = 4/3, sec2 ( = tan2 ( + 1 = 16/9 + 1 = 25/9,  cos2 ( = 1/(sec2 () = 9/25, and sin2 ( = 1 – cos2 ( = 16/25; so cos ( = (3/5, and sin ( = (4/5.
The maximum value is 10, achieved when cos ( = 3/5 and sin ( = 4/5; i.e., when (x,y) =  (6/5, 8/5).

Trick: Every critical point for a function f is also a critical point for the function f n, for any integer n > 0.

Individual work: What point on the surface z2 = xy + x2 + 1 is closest to the origin?

..?..

..?..

Derivation: The squared distance between (0,0,0) and (x,y,z) is  (x–0)2+(y–0)2+(z–0)2 = x2+y2+z2, which in this case can be written as …

..?..

..?..

x2+y2+(xy+x2+1) = 2x2+xy+y2+1.

This function of x and y (call it f) is a differentiable function of x,y, so its critical points are places where fx and fy both vanish.

fx = 4x+y and fy = x+2y, which vanish only at x=y=0.

So there are actually two closest points: (0,0,(1), both at distance 1 from (0,0,0).

Questions on section 11.7?
