[Collect section summaries.]

Section 11.8: Lagrange multipliers

Main ideas? …

..?..

..?..

· Constrained optimization problems

· The geometric justification for the method of Lagrange multipliers

· Extension of the method for two-constraint problems

Suppose (x0,y0) is a point on the curve g(x,y) = k at which the function f(x,y) is maximized or minimized, with f, g differentiable.  Then (f(x0,y0) and (g(x0,y0) are parallel (where for present purposes the we’ll say that the vector 0 is parallel to every vector).

So as long as (g(x0,y0) isn’t 0, there exists a scalar ( such that (f(x0,y0) = ( (g(x0,y0).

So, to find all points (x0,y0) that are candidates for being local maxima and local minima, set up the equations

(f(x,y) = ( (g(x,y) and g(x,y) = k.
Re-do the example “Find the maximum of f(x,y) = 3x + 4y on the set of points (x,y) with g(x) = x2 + y2 = 4” from last time, using Lagrange multipliers:

..?..

..?..

Solve ((3x + 4y) = ( ((x2 + y2) and x2 + y2 = 4.

((3x + 4y) = (3,4( and ((x2 + y2) = (2x,2y(
Solve (3,4( = ((2x,2y(, x2 + y2 = 4.

Solve 2(x = 3,  2(y = 4,  x2 + y2 = 4.

..?..

..?..

One way to proceed: solve the first two equations for x and y in terms of (, substitute into the third equation, and solve for (.
Another way:

4(2x2 = 9,  4(2y2 = 16, 4(2(x2+y2) = 25, 16(2 = 25
(2 = 25/16

Two solutions: ( = (5/4

( = 5/4: x = 3/(2() = 6/5, y = 4/(2() = 8/5 as before.

(The other value of ( gives the point x = –6/5, y = –8/5 at which f(x,y) is minimized.)

Maximum value = 3x + 4y = 10.

Another example: Find the minimum of x2 + y2 on the set of points (x,y) with 3x + 4y = 10.

..?..

..?..

Solve ((x2 + y2) = ( ((3x + 4y) and 3x + 4y = 10.

Solve (2x,2y( = ((3,4(, 3x + 4y = 10.

Solve 2x = 3(, 2y = 4(, 3x + 4y = 10.

..?..

..?..
x = 3(/2, y = 4(/2,

10 = 3x + 4y = 3(3(/2) + 4(4(/2) = 25(/2

One solution: ( = 20/25 = 4/5

x = 3(/2 = 6/5, y = 4(/2 = 8/5.

Minimum value = (6/5)2 + (8/5)2 = 4.

[Sketch the level sets of 3x + 4y and x2 + y2 and discuss the relationship between the two preceding problems.

Note that f and g have switched places and ( has gotten replaced by 1/(.]

[Read text on page 678.]

One blemish in Stewart’s method (the traditional version of the Lagrange multiplier method) is that it assumes (g ( 0 on the level set for the function g.

If the level set has points (x,y) at which (g vanishes, then it is necessary to check these points as well when looking for the maximum and minimum values of f on the level set.

One way to unify the case (f = ( (g and the case (g = 0  is to combine them into the single equation

fx gy = fy gx.

(If (gx,gy( ( 0, then this asserts that (fx, fy( and (gx, gy( are parallel.)

Algebraically, this amounts to eliminating ( from the equations fx = ( gx and fy = ( gy.

This is the modern version of Lagrange multipliers, aka “Lagrange multipliers without the multipliers”.

Try it for the preceding problem:

f(x,y) = x2 + y2 and g(x,y) = 3x+4y
fx gy = fy gx ( (2x)(4) = (2y)(3)

Solve 8x = 6y,  3x+4y = 10.  Easy!

Second-order partial derivatives played a role in unconstrained multivariable optimization (section 11.7), so you shouldn’t be surprised that they also play a role in unconstrained multivariable optimization; see http://www.math.northwestern.edu/~clark/285/2006-07/handouts/lagrange-2deriv.pdf for more details.
