Section 11.8: Lagrange multipliers (concluded)

On to three dimensions!

Suppose (x0,y0,z0) is a point on the surface g(x,y,z) = k at which the function f(x,y,z) is maximized or minimized, with f, g differentiable.  Then (f(x0,y0,z0) and (g(x0,y0,z0) are parallel.  So as long as (g(x0,y0,z0) ( 0, we can write (f(x0,y0,z0) = ( (g(x0,y0,z0).

Traditional method: Write (f = ( (g (but then we have to worry separately about the points where (g = 0).

Modern method: Write (f  ( (g = 0.

Example: Find the minimum of f(x,y,z) = x2 + y2 + z2 on the set of points (x,y,z) with x + 2y + 2z = 18.

Traditional way: Write 

(2x,2y,2z( = ( (1,2,2(, x + 2y + 2z = 18.

x = (/2, y = (, z = (
( /2 + 2( + 2( = 18 ( ( = 4 ( (x,y,z) = (2,4,4)
Modern way: 

0 = (f  ( (g = (2x,2y,2z( ( (1,2,2( 

   = (4y – 4z, 2z – 4x, 4x – 2y( 

and x + 2y + 2z = 18;

4y – 4z = 0, 2z – 4x = 0, 4x – 2y = 0, x + 2y + 2z = 18;
y = z = 2x,  x + 4x + 4x = 18,  x = 2, etc.

Optimization under two simultaneous constraints:

Suppose (x0,y0,z0) is a point on the curve C that is the intersection of the levels sets g(x,y,z) = k and h(x,y,z) = c, and suppose that (x0,y0,z0) is a point at which the function f(x,y,z) is maximized or minimized relative to other points on the curve C, with f, g, h differentiable.  Let r(t) be the vector functions associated with a trajectory that travels along the curve C, passing through the point (x0,y0,z0) at t=t0, so that r(t0) = (x0,y0,z0(; assume that r((t0) ( 0. Then (f(x0,y0,z0) and (g(x0,y0,z0) and (h(x0,y0,z0) are coplanar, because all three are perpendicular to r((t0) (why? …

..?..

(f(x0,y0,z0)( r((t0) because f(x,y,z) is maximized/ minimized along C at (x0,y0,z0), which by the chain rule (see page 640) implies 0 = (d/dt) f(r(t))  = (f(x0,y0,z0) ( r((t0);

(g(x0,y0,z0) ( r((t0) because g(r(t)) is constant, which again gives 0 = (d/dt) g(r(t)) = (g(x0,y0,z0) ( r((t0);

and (h(x0,y0,z0) ( r((t0) for the same reason).

There are two ways to proceed from here:

Traditional way: Write (f = ((g + ( (h (but then we have to worry separately about the points where (g or (h is 0, or points where (g and (h are parallel).

Modern way: Write (f ( ((g ( (h) = 0 (eliminating the multipliers ( and ().

Group work 1: “What is the area of the largest rectangle that can be inscribed in a circle of radius 1?”

[Have half the class try to solve the problem using Lagrange multipliers, and the other half try to use single-variable calculus.]

f(x,y) = 4xy
g(x,y) = x2 + y2 (constrained to equal 1)

0 = fx gy – fy gx = 4y 2y – 4x 2x => x2 = y2
So 1 = g(x,y) = x2 + y2 = 2x2, implying x = pm 1/sqrt(2).

We get four solutions x = pm 1/sqrt(2), y = pm 1/sqrt(2), two of which (the ones where x and y have the same sign) are local maxima and two of which (the ones where x and y have opposite sign) are local minima.

[Omitted in 2013; use in 2014:]

Group work 2: “Let f(x,y) = x2 – y2 + 2xy.  What are the absolute maximum and absolute minimum values of this function on the unit square {0 ≤ x ≤ 1, 0 ≤ y ≤ 1}?”
Critical points: (f = 0 ( (2x+2y, –2y+2x( = 0 ( 

2x+2y and –2y+2x=0 ( x = y = 0

Critical points on the lines x = 0 and x = 1: Put g(x,y) = x; then fx gy – fy gx = 0 ( (2x+2y)(0) – (–2y+2x)(1) = 0 ( x = y; so the relative critical points are the corner points (0,0) and (1,1).

Critical points on the lines y = 0 and y = 1: Put g(x,y) = y; then fx gy – fy gx = 0 ( (2x+2y)(1) – (–2y+2x)(0) = 0 ( x = –y; so the relative critical points are the corner points (0,0) (which we’ve already noticed) and (1, –1) (which isn’t in the domain [0,1] ( [0,1] and hence isn’t relevant).

So we only have to check the corner points:

f(0,0) = 0

f(0,1) = –1

f(1,0) = 1

f(1,1) = 2

So the maximum value (2) and minimum value (–1) are both achieved on the boundary of the domain.

