Section 12.2: Double integrals over general regions

Main ideas?

..?..

..?..

· Extending from rectangles to general bounded regions (hitching a ride on what we did before)
· Regions of Type I and Type II, and iterated integrals of the form (ab (f(x)g(x) F(x,y) dy dx and 

(cd (h(y)k(y) F(x,y) dx dy
· Changing order of integration

· Algebraic properties of the double integral (revisited)

Let D be an irregular domain, living inside a rectangle R.

Why do we bother with the fuss of defining 



(f(x,y)
if (x,y) in D,
F(x,y)  =
(



(    0

otherwise

instead of “just integrating over D”?

..?..

..?..

We haven’t defined yet what it means to integrate over a non-rectangular region!

Let D be the triangular region bounded by the lines 

x = 0, y = x/2, and y = 1.

Sketch D.

..?..

..?..

It’s the triangle with vertices (0,0), (0,1), and (2,1).

Is D of Type I, Type II, or both?

..?..

..?..

Both.

Take D as above, and let f(x,y) = exp(y2).

Write ((D f(x,y) dA as an iterated integral in both ways; in each case, either evaluate the iterated integral or explain why you can’t.

[Split the class into two groups and have them do this.]

If we write D as 

{(x,y): 0 ( x ( 2, x/2 ( y ( 1}, 

then we are led to write the double integral as the iterated integral (02 (x/21 exp(y2) dy dx.

But we can’t evaluate the inner integral by a formula, because the antiderivative of exp(y2) is not an elementary function.

On the other hand, if we write D as 

..?..

..?..

{(x,y): 0 ( y ( 1, 0 ( x ( 2y}, 

then we are led to write the double integral as the iterated integral (01 (02y exp(y2) dx dy.

And this one can be evaluated: the antiderivative of exp(y2) with respect to x is …

..?..

..?..

x exp(y2), so (02y exp(y2) dx =

..?..

..?..

2y exp(y2).  Thus ((D f(x,y) dA = (01 (02y exp(y2) dx dy = 

(01 2y exp(y2) dy = 

..?..

..?..

exp(y2) |01 = e – 1.
For other double integrals, you CAN do the problem both ways, and this can be a useful way to check your work.

Symmetry properties of integration:

If f(x,y) is even with respect to x (i.e., if f(x,y) = f(–x,y) for all x,y), then ((D f(x,y) dA = ((D( f(x,y) dA, where D( is obtained from D by flipping D over the x=0 axis.

If f(x,y) is odd with respect to x (i.e., if f(x,y) = f(–x,y) for all x,y), then ((D f(x,y) dA = – ((D( f(x,y) dA, where D( is obtained from D by flipping D over the x=0 axis.

Special case: If f(x,y) is odd with respect to x, and if the region D( obtained from D by flipping D over the x=0 axis coincides with D, then ((D f(x,y) dA = – ((D f(x,y) dA, which implies…

..?..

..?..

((D f(x,y) dA = 0!

Similarly, if f(–x, –y) = – f(x,y) for all x,y, and if the region D( obtained from D by reflecting D through the point (0,0) coincides with D, then ((D f(x,y) dA = 0.

E.g., if D is the unit disk, ((D sin (x3+y3) dA = 0.
