Questions about midterm?

Section 12.3: Double integrals in polar coordinates

In discussing polar coordinate parametrization, I should make it clearer (and maybe Stewart should too) in what contexts we assume r is non-negative and in what contexts we allow r to be negative.  Ditto for theta.  This matters because one student in 2012 gave a solution to problem 12.6.12 in which he got the wrong answer because he interpreted r leq z leq 2 so as to permit negative values of r.  Something similar happened in 2013: Rory (one of the best students) tried to use negative values of r and got the wrong answer (in fact, he got the volume of a sphere to be 0; r dr dtheta with r < 0 cancelled out r dr dtheta with r > 0). 

Main ideas?

..?..

..?..

· Polar coordinates

· The definition of a polar rectangle

· The area of an “infinitesimal polar rectangle”

· Integration of functions over polar rectangles: 

((P f(x,y) dA( ((R f(r cos (, r sin () r dA
(in P, dA = dx dy; in R, dA = dr d()
· Integration of functions over general polar regions
· Some integrals are easier to compute in polar coordinates
Pictorially derive formula for area of infinitesimal polar rectangle, under the assumption that r > 0.
Problem: Find the volume of the solid that lies under the paraboloid z = (x+1)2+y2, above the xy-plane, and inside the cylinder x2 + y2 = 1.

The solid lies above the disk D of radius 1 centered on the origin: a polar rectangle {(r,(): 0 ( ( ( 2(, 0 ( r ( 1}.  We put x = r cos ( and y = r sin (, and write ((D (x+1)2+y2 dA = 

     (02( (01 [(r cos ( + 1)2 + (r sin ()2] r dr d(  

= (02( (01 [r2 cos2 ( + 2r cos (  + 1 + r2 sin2 (] r dr d(
= (02( (01 (r2 + 2r cos (  + 1) r dr d(
= (02( (01 (r3 + 2r2 cos (  + r) dr d(
= (02( (01 (2r2 cos () dr d( + (02( (01 (r3 + r) dr d(  

= ((01 2r2 dr) ((02( cos () + ((01 r3 + r dr) ((02( 1 d()

= ((2r3/3 |01) (sin ( |02() + (r4/4 + r2/2 |01) 2(
= (2/3) (0) + (1/4 + 1/2) 2(
= (3/2) (.

Go through Example 12.3.3.
Is it a coincidence that both problems have the same answer?
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No.  The two solids are the same shape; the only difference is that one has been shifted 1 unit horizontally.
Compute the volume V of a hemisphere of radius 1:

Let D be the unit disk {(x,y): x2+y2 ( 1}.

Then V is the double integral …
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..?..

((D sqrt(1–x2–y2) dA,

which we can write in polar form as (02( (01 (1–r2)1/2 r dr d( = (02( (–1/3 (1–r2)3/2 )|01 d( = (02( (1/3) d( = (2/3)(.

Note that this agrees with the formula  (4/3)(r3 for the volume of a sphere of radius r.
