Section 12.5: Triple integrals

Main ideas?

..?..

..?..

· Triple Riemann sums.

· The basic definition of a triple integral.

· The triple Fubini theorem.

· The triple integral on a general domain.

· The various types of volume domain, and how to set up the volume integral based on each of them.
· Changing the order of integration in triple integrals.
If B is a rectangular box [a,b] ( [c,d] ( [r,s] = {(x,y,z) in R3: a ( x ( b, c ( y ( d, r ( z ( s}, and the function f(x,y,z) has domain B, then a triple Riemann sum for f is 

(*)
(i=1l (j=1m (k=1n f(xijk*, yijk*, zijk*) (Vijk
where: 

a = x0 < x1 < … < xl = b, 

c = y0 < y1 < … < ym = d, and 

r = z0 < z1 < … < zn = s; 

(Vijk is the volume of the box 

Bijk = [xi–1,xi] ( [yi–1,yi] ( [zi–1,zi]; and

(xijk*, yijk*, zijk*) is in Bijk.
The mesh of this Riemann sum is the largest of the quantities (xi = xi – xi–1, (yj = yj – yj–1, (zk = zk – zk–1.

The triple integral of f over E equals the limit of the triple Riemann sum (*) as the mesh goes to 0, and we denote it by (((B f(x,y,z) dV.

We say f is integrable iff the triple integral exists.

Fubini’s Theorem: If f is continuous on B, then

(((B f(x,y,z) dV = (ab (cd (rs f(x,y,z) dz dy dx
(and likewise for the other five orders of integrating).

Discuss: What is the limit of (i=1n (j=1n (k=1n ijk/n6 as n((?

..?..

..?..

Hint: Write ijk/n3 as (i/n)(j/n)(k/n).

..?..

..?..

Hint: Let xi = i/n, yj = j/n, zk = k/n with i,j,k going from 1 to n.

..?..

..?..

The sum is a Riemann sum for f(x,y,z) = 

..?..

..?..

xyz on the box 

..?..

..?..

[0,1] ( [0,1] ( [0,1]

and the mesh of this Riemann sum is

..?..

..?..

1/n, so as n goes to infinity, the Riemann sum goes to

..?..

..?..

the triple integral (((B xyz dV, which by separation of variables equals
..?..

..?..

((01 x dx) ((01 y dy) ((01 z dz) = (1/2)(1/2)(1/2) = 1/8.

If E is a bounded region in R3, and f is a function on E, we define (((E f(x,y,z) dV as (((B F(x,y,z) dV, where B is a box containing E and 



 {f(x,y,z) for (x,y,z) in E,
F(x,y,z) = {

 {    0       otherwise.

If f(x,y,z) = 1 for all (x,y,z) in E, (((E f(x,y,z) dV equals …

..?..

..?..

the volume of E.

What solid S has its volume given by the iterated integral

(–11 (–sqrt(1–xx)sqrt(1–xx) (sqrt(xx+yy)1 dz dy dx?

..?.. 

..?..

S = {(x,y,z): –1 ( x ( 1, –sqrt(1–x2) ( y ( sqrt(1–x2), sqrt(x2+y2) ( z ( 1}.

What is S, geometrically?

..?..

..?..

S is a cone with vertex at (0,0,0) whose height is 1 and whose base (at z = 1) is a disk of radius 1.  Hence the volume of S is (1/3)[( (1)2](1) = (/3.

Show “Regions of Integration in Triple Integrals” demo

Problem for group work: Compute (((E (x2+y2)1/2 dV where E is the region {(x,y,z): 0 ( z ( x2+y2 ( 1}.

By formula 12.5.6, we can write this as 

((D (0xx+yy (x2+y2)1/2 dz dA
where D is the disk 0 ( x2+y2 ( 1.  The inner integral is

(0xx+yy (x2+y2)1/2 dz = (x2+y2)1/2z |0xx+yy = (x2+y2)3/2, so we’re left with ((D (x2+y2)3/2 dA, which is best evaluated by …

..?..

..?..

polar coordinates:
((D (x2+y2)3/2 dA = (02( (01 r3 r dr d( = …

..?..

..?..

((02( d() ((01 r4 dr) = (2() (1/5) = 2(/5.
This is really a problem in “cylindrical coordinates”, in disguise, where in cylindrical coordinates we use r, (, and z to coordinatize R3.  See the next section.
