
[Collect section summaries, homework, time-sheets; hand out time-sheets.]

Section 12.8: Change of variables in multiple integrals

Main ideas?

..?..

..?..

· By changing variables, we can reduce a complicated multiple integration problem to a simpler integral or an integral over a simpler region

· When we change variables, a factor enters the integrand that’s analogous to the second factor in the single-variables change of variables formula; it’s the Jacobian.

· To make sure our answers have the right sign, we must be sure to take the absolute value of the Jacobian.  (If the Jacobian changes sign in the region we’re integrating over, there’s something wrong with our choice of new variables.)

· The Jacobian describes how area in u,v-space is magnified in x,y-space under the transformation T.

Let’s first review change-of-variables in single-variable calculus from the two perspectives we used in the past, and then introduce a third perspective that will help us transition to the change of variables in the many-variables context.

First point of view: Let f(x) = sin x and g(x) = x2, so that f(g(x)) = sin x2.  By the chain rule, (d/dx) f(g(x)) = 

g((x) f ((g(x)) = 2x cos x2, so (02 2x cos x2 dx = 

(02 (d/dx) f(g(x)) dx = f(g(x))|02 = sin 22 – sin 02 = sin 4.

Second point of view: We can evaluate (02 2x cos x2 dx by putting u = x2 and du = 2x dx, so that x = u1/2 and dx/du = (1/2)u–1/2 = 1/(2u1/2); as x varies between 0 and 2, u varies between 0 and 4, so the integral becomes (04 cos u du = 

sin u|04 = sin 4.

Third (new) point of view (similar to the second, but different): To evaluate ([0,2] 2x cos x2 dx (the integral of the function 2x cos x2 on the domain [0,2]),  we change to the variable u by putting u = x2 and du = 2x dx, so that as x varies in [0,2], u varies in [0,4].  We have x = u1/2 and dx/du = (1/2)u–1/2 = 1/(2u1/2), so the single-variable Jacobian is |1/(2u1/2)| = 1/(2u1/2), and 

([0,2] 2x cos x2 dx = ([0,4] 2u1/2  (cos u) 1/(2u1/2) du = 

([0,4] cos u du = sin 4 – sin 0 = sin 4.

To see why it’s important to take the absolute value of the Jacobian, suppose we evaluate ([0,1] x dx by putting u = 3–x and du = –dx, so that as x varies between 0 and 1, u varies between 2 and 3. We have x = 3–u and dx/du = –1, so the single-variable Jacobian is |–1| = 1, and 

(1)
([0,1] x dx = ([2,3] (3–u) du.

Compare this with the single-variable change-of-variables approach, which gives

(2)
(01 x dx = (32 (3–u) (–du).

Note that the right-hand sides of (1) and (2) are equal, because the exchange of the left- and right-endpoints of integration compensates for the sign-change in the integrand.
Example: We wish to find ((R xy2 dA,  where R is the parallelogram with vertices (0,0), (4,2), (1,3), and (5,5).

..?..

..?..

Hint: Use a change of variables to create an equivalent integral over a rectangular region in the uv-plane, for a suitable change of variables.

..?..

..?..

The change of variables u = x/2 – y, v = 3x – y gives us the rectangle in the uv-plane bordered by u = –5/2, u = 0, v = 0, and v = 10.

The inverse transformation is 

x = (–2/5)u+(2/5)v,  y = (–6/5)u+(1/5)v 

with Jacobian 

((x,y)/((u,v) = (–2/5)(1/5) – (2/5)(–6/5) = 10/25 = 2/5

giving an area element 

dA = |((x,y)/((u,v)| dv du = (2/5) dv du.  

The integral becomes 

(–5/20 (010 ((–2/5)u+(2/5)v) ((–6/5)u+(1/5)v)2 (2/5) dv du.
“Why the Jacobian?”

Let’s look at it in 3-space.

Consider the rectangular parallelepiped

[u,u+(u] ( [v,v+(v] ( [w,w+(w],

with corner (u,v,w) and sides given by the vectors ((u,0,0(, (0,(v,0(, and (0,0,(w(.

When we map forward by the transformation T(u,v,w) = (f(u,v,w),g(u,v,w),h(u,v,w)), we have 

vec(T(u,v,w), T(u+(u,v,w)) = 

(f(u+(u,v,w) – f(u,v,w), 
 g(u+(u,v,w) – g(u,v,w),

 h(u+(u,v,w) – h(u,v,w)(
which is approximately equal to

(1)
(fu(u,v,w) (u, gu(u,v,w) (u, hu(u,v,w) (u(
Likewise vec(T(u,v,w)(T(u,v+(v,w)) (
(2)
(fv(u,v,w) (v, gv(u,v,w) (v, hv(u,v,w) (v(
and vec(T(u,v,w)(T(u,v,w+(w)) (
(3)
(fw(u,v,w) (w gw(u,v,w) (w, hw(u,v,w) (w(.

The volume of this parallelepiped is therefore approximately equal to the absolute value of the triple product of these three vectors, which is expressible as a 3-by-3 determinant, times (u (v (w.  Taking everything to the limit, we “find” that the (’s become d’s, and the triple product is dx dy dz times the determinant of the 3-by-3 matrix

fu  fv fw
gu gv gw
hu hv hw
which is also equal to the determinant of the transposed matrix

fu  gu  hu
fv  gv  hv
fw gw hw
Note also that if we write f(u,v,w) = x(u,v,w) etc., then fu = (x/(u, etc.

How would we apply change-of-variables to compute the integral of f(x,y) = x2 over the elliptical region {(x,y): x2/4 + y2/9 ( 1}?  The elliptical region reminds us of the unit disk {(x,y): x2/1 + y2/1 ( 1}, so it makes us think that something like polar coordinates will work for us.  In polar coordinates we have x = u cos v and y = u sin v (though we write u and v as r and (); we might guess that what we need is x = c1 u cos v and y = c2 u sin v and solve for c1 and c2: solving x2 / c12 + y2 / c22 = u2, we get c1 = 2, c2 = 3.  Then the rectangle [0,1] ( [0,2(] maps into the specified ellipse.  The grid line u = c > 0 goes to the ellipse x2/4 + y2/9 = c and the grid line v = k goes to the ray y = (3/2) x tan k (check: y/x = (3u sin v)/(2u cos v) = (3/2) tan v).  So (u,v) gives an elliptical coordinate system.  The Jacobian is the determinant of the 2-by-2 matrix

    2 cos v      3 sin v
–2u sin v    3u cos v
which is 6u, leading to the area element 6u du dv.  Note that this expression is non-vanishing in the interior of the rectangle [0,1] ( [0,2(], so the change of variables formula is applicable, despite the fact that the map from (u,v) to (x,y) is not one-to-one on the boundary of the rectangle (specifically, the whole left edge of the rectangle gets mapped to the single point (0,0), and for all u the point (u,2() on the upper edge of the rectangle gets mapped to the same point as the point (u,0) on the lower edge of the rectangle).  Using this new coordinate system to compute

((R x2 dA where R is the region bounded by the ellipse x2/4 + y2/9 = 1, we have ((R x2 dA = (02( (01 (2u cos v)2 |6u| dv du = (01 24u2 du (02( cos2 v dv = 6(.

Going back to the original single-variable change-of-variables example (the one where we put u = x2), we now see that we can also write it as 

([0,2] 2x cos x2 dx = ([0,4] (2 sqrt(u) cos u) (∂x/∂u) du.

= (04 (2 sqrt(u) cos u) ((1/2)/sqrt(u)) du = (04 cos u du = etc.

Now we are thinking of the number (∂x/∂u) as the determinant of a 1-by-1 matrix; it just happens that the determinant of a 1-by-1 matrix is equal to the sole entry of the matrix!

