[Collect section notes for 13.2.  Collect homework and time-sheets; hand out time-sheets; remind students to ask me for their homework back at 12:45.]

[Discuss next Wednesday.]

Section 13.2: Line integrals

Key ideas?

..?..

..?..

· It’s a misnomer: the “lines” are actually paths
· Line integral of a scalar field w.r.t. arc-length

· Definition as a limit of Riemann sums: formula 2

· Geometric meaning: Figure 2

· How to compute it: Example 2

· Line integral of a scalar field w.r.t. coordinate variables

· (C  f(x,y) dx 

· (C  f(x,y) dy 

· (C  P dx + Q dy
· Line integral of a vector field

· Definitions as a limit of Riemann sums

· Geometric/physical meaning

· How to compute it
· Vector fields and work: W = (C F ( dr
If a scalar field f is non-negative, then (C f(x,y) ds can be interpreted as the area of a curved wall whose base follows the curve C and whose height above the base-point (x,y) is f(x,y).

How can we write the line integral of a scalar field (with respect to arc length) in terms of an ordinary first-year calculus integral?

..?..

..?..

Formula (3): 

(C f(x,y) ds = (ab f(x(t),y(t)) sqrt((x((t))2+(y((t))2) dt
What are a and b?

..?..

..?..

They arise from a parametrization of the curve C as the set of points (x(t),y(t)) as t goes from a to b.

Isn’t there more than one way to parametrize the curve C in this way?  Which parametrization should one use?

..?..

..?..

Whichever parametrization is most convenient, because it doesn’t matter which one you use; formula (3) will give the same answer no matter what parametrization one uses, as long as…

..?..

..?..

every point along C occurs exactly once as (x(t),y(t)) (i.e., for a unique value of t), and the parametrization traces the curve C in the correct direction, and x(t) and y(t) are differentiable functions.

What happens if you parametrize the curve in the wrong direction?

..?..

..?..

It doesn’t matter; the answer is the same.

One can prove this with a single-variable change-of-variables calculation; one can also see this via the area-of-a-wall interpretation of the line integral. 

Here’s the change-of-variables calculation: If we let –C denote the reverse curve, then we can parametrize C via the points x(–t),y(–t) as t goes from –b to –a, so that 

(d/dt) x(–t) = –x((–t) and (d/dt) y(–t) = –y((–t) (by the chain rule), and we get

(–C f(x,y) ds = (–b–a f(x(–t),y(–t)) sqrt((–x((–t))2+(–y((–t))2) dt

= (–b–a f(x(–t),y(–t)) sqrt((x((–t))2+(y((–t))2) dt;

if we now put u = –t, this becomes

   (ba f(x(u),y(u)) sqrt((x((u))2+(y((u))2) (–du)

= (ab f(x(u),y(u)) sqrt((x((u))2+(y((u))2) du
which equals the original line integral (C f(x,y) ds.
How can we write the line integral of a scalar field with respect to x or y in terms of ordinary first-year calculus integrals?

..?..

..?..

Formulas (7):

(C f(x,y) dx = (ab f(x(t),y(t)) x((t) dt
(C f(x,y) dy = (ab f(x(t),y(t)) y((t) dt
What happens if we parametrize C in the wrong direction?

..?..

..?..

It changes the sign of the answer.

(–C f(x,y) dx = (–b–a f(x(–t),y(–t)) (–x((–t)) dt

= – (–b–a f(x(–t),y(–t)) x((–t)) dt

= – (ba f(x(u),y(u)) x((u)) (–du)


= – (ab f(x(u),y(u)) x((u)) du

= – (C f(x,y) dx
How can we write the line integral of a vector field in terms of a line integral of a scalar field?

..?..

..?..

Definition (13):

(C F ( dr = (C F ( T ds
where T is the unit tangent vector to the curve C.

How can we write the line integral of a vector field in terms of line integrals of scalar fields with respect to coordinate variables?

..?..

..?..

The formula on page 770:

(C (F1,F2( ( dr = 

..?..

..?..

(C (F1,F2( ( (dx,dy(  = (C F1 dx + F2 dy
How can we write the line integral of a vector field in terms of an ordinary Honors Calc II single-variable integral?

..?..

..?..

Formula (13) again:

(C F ( dr = (ab F(r(t)) ( r((t) dt
What happens to the line integral of a vector field if we parametrize the curve in the wrong direction?

..?..

..?..

It changes sign since (C F1 dx and (C F2 dy do.
Note also that line integrals of vector fields can be approximated by Riemann sums of the form

(i=1n F(xi*,yi*) ( (ri
where (ri is the vector ((xi, (yi( = (xi–xi–1, yi–yi–1(; writing F(x,y) = (F1(x,y),F2(x,y)(, and using the algebraic formula for the dot product, we can write the Riemann sum 

(i=1n F(xi*,yi*) ( (ri
as

   (i=1n (F1(xi*,yi*) (xi + F2(xi*,yi*) (yi)
= (i=1n F1(xi*,yi*) (xi + (i=1n F2(xi*,yi*) (yi
which converges to

(C F1 dx + (C F2 dy
as the mesh goes to zero.

In Figure 12, is the amount of work done positive or negative as the particle goes from (1,0) to (0,1)?

..?..

..?..

The work done by the field is negative, but the work done by you is positive!
