[Collect notes on section 13.3.]

Section 13.2: Line integrals (concluded)

Individual drill: Evaluate (C (x+y2) ds, where C is the line segment from (0,0) to (3,0).

..?..

..?..

Put x(t) = 3t and y(t) = 0, with t going from a=0 to b=1, and f(x,y) = x + y2.  Then x((t) = 3 and y((t) = 0, so

(C f(x,y) ds = (ab f(x(t),y(t)) sqrt((x((t))2+(y((t))2) dt
= (01 f(3t,0) sqrt((3)2+(0)2) dt
= (01 (3t + (0)2) sqrt(9) dt = 9 (01 t dt = 9/2.
Note: Since C is just a path along the x-axis, we have ds = dx, so (C f(x,y) ds = (03 f(x,0) dx = (03 x dx = (x2/2)|03 = 9/2.

Also, the path integral is equal to the area of a wall whose base is the line segment joining (0,0) and (3,0) and whose height at (x,0) is x; this is an isosceles right triangle of base 3 and height 3.

Note also that we get (C (x+g(y)) ds = 9/2 for ANY function g with g(0) = 0, not just g(y) = y2.

Consider a path C with initial point A and terminal point B.  What is the geometric meaning of (C ds (= (C 1 ds)?

..?..

..?..

The arc-length along C from A to B.

What is the geometric meaning of (C dx = (C 1 dx?

..?..

..?..

Use formula (7) and the fundamental theorem of calculus: (C 1 dx = (ab 1 x((t) dt = x(b) – x(a) = the x-coordinate of B minus the x-coordinate of A = the change in x along C.

What is the geometric meaning of (C dy = (C 1 dy?

..?..

..?..

The change in the y-coordinate along C.

In analyzing (C F ( dr = (C (F ( T) ds, the sign of F ( T can be determined visually by looking at the angle ( between F and T.  Since r((t) and T(t) are parallel and point in the same direction, the angle ( is is also the angle between F and r((t).

In general, if C1 and C2 are two different paths with the same start-point and same end-point, (C1 F ( dr and (C2 F ( dr can be different.  But we’ll see that under certain conditions the two line-integrals are guaranteed to be the same.

Section 13.3: The fundamental theorem for line integrals

Key ideas?

..?..

..?..

· The fundamental theorem: (C (f ( dr = f(r(b)) – f(r(a))
· The path-independence of (C (f ( dr (when C is smooth, f is differentiable, and (f is continuous)

· Path independence ( the condition that (C F ( dr = 0 for every closed curve C in the domain of F
· The equivalence of the following three conditions on a simply-connected domain:

· Path independence

· F = Pi + Qj being conservative (i.e., F = (f)

· (P/(y = (Q/(x
· Conservation of energy

The analogy beween the Fundamental Theorem of the Calculus and the fundamental theorem of line integrals:

(ab f ((t) dt = f(b) – f(a) 

vs. 

(C (f ( dr = f(r(b)) – f(r(a))
[Prove the fundamental theorem of line integrals, following the argument on page 774 and elaborating as required.]

Discuss Theorem 3, and prove it with a picture as on page 775.
